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Chapter 1

Introduction and Point Groups

1.1 Introduction

Amorphous solids are homogeneous and isotropic because thds no long range order or periodicity
in their internal atomic arrangement. In contrast, the crystalline state is characterised by a regular
arrangement of atoms over large distances. Crystals are tlefore anisotropic { their properties vary
with direction. For example, the interatomic spacing varies with orientation within the crystal, as
does the elastic response to an applied stress. Note that cstals can be solid or liquid, and can
have arbitrary shapes.

Engineering materials are usually aggregates of many cryats of varying sizes and shapes; these
polycrystalline materials have properties which depend on the nature of theridividual crystals,
but also on aggregate properties such as the size and shapestlibutions of the crystals, and the
orientation relationships between the individual crystals. The randomness in the orientation of
the crystals is a measure otexture, which for reasons described later, has to be controlled inhe
manufacture of transformer steels, uranium fuel rods and besrage cans.

The crystallography of interfaces connecting adjacent crgtals can determine the deformation be-

haviour of the polycrystalline aggregate; it can also in uence the toughness through its e ect on
the degree of segregation of impurities to such interfaces.

1.2 The Lattice

Crystals have translational symmetry: it is possible in a ciystal, to identify a regular set of points,
known as the lattice points, each of which has an identical evironment.
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6 CHAPTER 1. INTRODUCTION AND POINT GROUPS

The set of these lattice points constitutes a three dimensioal lattice. A unit cell may be de ned
within this lattice as a space{ lling parallelepiped with o rigin at a lattice point, and with its edges
given by three non-coplanarbasis vectors a;, a, and az, each of which represents translations
between two adjacent lattice points. The entire lattice canthen be generated by stacking unit cells
in three dimensions. Any vector representing a translationbetween lattice points is called alattice
vector.

The unit cell de ned above has lattice points located at its corners. Since these are shared with
seven other such cells, and since each cell has eight cornettsere is only one lattice point per unit
cell. Such a unit cell isprimitive and has the lattice symbolP.

Non{primitive unit cells can have two or more lattice points, in which case, the additional ones
will be located at positions other than the corners of the cdl A cell with additional lattice points
located at the centres of all its faces has the lattice symbaoF; such a cell would contain four lattice
points. Not all the faces of the cell need to have face{centéng lattice points; when a cell containing
two lattice points has the additional point located at the centre of the face de ned by a, and as,
the lattice symbol is A and the cell is said to beA-centred. B-centred and C-centred cells have
the additional lattice point located on the face de ned by az & aj; or a; & ap respectively. A unit
cell with two lattice points can alternatively have the additional lattice point at the body-centre of
the cell, in which case the lattice symbol isl. The lattice symbol R is for a trigonal cell; the cell
is usually de ned such that it contains three lattice points.

The basis vectorsa;, a; and az de ne the unit cell; their magnitudes a;, a, and asz respectively,
are the lattice parameters of the unit cell. The angles&; a», 8, ag and a3 a; are conventionally
labelled , and respectively.

Our initial choice of the basis vectors was arbitrary since here are an in nite number of lattice
vectors which could have been used in de ning the unit cell. The preferred choice includes small
basis vectors which are as equal as possible, provided the agte of the cell re ects the essential
symmetry of the lattice.

1.3 Bravais Lattices

The number of ways in which points can be arranged regularly n three dimensions, such that
the stacking of unit cells lls space, is not limitless; Bravais showed in 1848 that all possible
arrangements can be represented by just fourteen lattices.

The fourteen [Bravais lattices can be categorised into sevemrystal systems (cubic, tetragonal,
orthorhombic, trigonal, hexagonal, monoclinic and triclinic, Table [L1); the cubic system contains
for example, the cubicP, cubic-F and cubicd lattices. Each crystal system can be characterised
uniquely by a set of de ning symmetry elements, which any crystal within that system must possess
as a minimum requirement (Table[1.1). The Bravais lattices ae illustrated in Fig. [.1]
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Table 1.1: The crystal systems. The symmetry axes monad, did triad, tetrad and hexad involve
rotations of 360, 180, 120, 90 and 60 respectively. These particular rotations leave the lattice
in a state that cannot be distinguished from its starting conguration. a; are the magnitudes of
the basis vectorsa;.

System Conventional unit cell De ning symmetry
Triclinic a; 6 a6 ag 6 6 monad
Monoclinic a; 6 a6 az = ; 90 1 diad
Orthorhombic a; 6 a» 6 a3 = = =90 3 diads
Tetragonal a = a6 az = = =90 1 tetrad
Trigonal a = a = ag = = 690 1 triad
Hexagonal a= a6 az = =90; =120 1 hexad
Cubic a;= a = ag = = =90 4 triads

1.4 Directions

Any vector u can be represented as a linear combination of the basis vecta; of the unit cell
(i=1;23):

U= uja; + usay + Uzas (1.2)

and the scalar quantities u;, u, and usz are the components of the vectoru with respect to the
basis vectorsai, a, and az. Once the unit cell is de ned, any direction u within the lattice can be
identi ed uniquely by its components [u; U2 us], and the components are called the Miller indices
of that direction and are by convention enclosed in square kackets (Fig.[1.3).

It is sometimes the case that the properties along two or moredli erent directions are identical.
These directions are said to beequivalent and the crystal is said to possessymmetry. For example,
the [1 0 O] direction for a cubic lattice is equivalent to the 0 1 0], [0 0 1], [01 O], [0 01] and [1 O O]
directions; the bar on top of the number implies that the index is negative.

The indices of directions of the same form are conventionall enclosed in special bracketse.g.
hl 0 G. The number of equivalent directions within the form is called the multiplicity of that
direction, which in this case is 6.
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Figure 1.1: The fourteen three-dimensional Bravais latties.

1.5 Planes

If a plane intersects theai, a, and az axes at distancesxi, X2 and x3 respectively, relative to the
origin, then the Miller indices of that plane are given by (h1 h, h3) where:

hi= aj1=x1; ha= az=xy; hz= az=xs (1.2)

is a scalar which clears the number$; o fractions or common factors. Note that x; are negative
when measured in the a; directions. The intercept of the plane with an axis may occurat 1 ,
in which case the plane is parallel to that axis and the corregonding Miller index will be zero

(Fig. L.3).
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Figure 1.2: Projection of the three-dimensional shapes oftte fourteen Bravais lattices on to the
a;-a, plane. The numbers indicate the coordinates of lattice poits relative to the ag axis; the
unlabelled lattice points are by implication located at coadinates 0 and 1 with respect to theas
axis.

Miller indices for planes are by convention written using raund brackets: (h1 hy h3) with braces
being used to indicate planes of the same formfh; h, hjg.

1.6 Weiss Zone Law

This law states that if a direction [u; uy ug] lies in a plane (1 hy h3) then
uihy + uzho + uzhz3 =0 (13)

and the law applies to any crystal system. We shall prove thiswhen we deal with the reciprocal
lattice.
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Figure 1.3: (a,b) Miller indices for directions and planes.(c) Notice that in non-cubic systems, a
direction with indices identical to those of a plane is not neessarily normal to that plane.

zone axis

Figure 1.4: A zone refers to a set of planes which share a
common direction, which in turn is known as a zone axis. The

direction illustrated would satisfy the Weiss law for all th e planes

shown. For example, the planes (111),(112)and (110)all
belong to the zone [11 0].

1.7 Symmetry

Although the properties of a crystal can be anisotropic, thee may be di erent directions along
which they are identical. These directions are said to beequivalent and the crystal is said to
possessymmetry.

That a particular edge of a cube cannot be distinguished fromany other is a measure of its
symmetry; an orthorhombic parallelepiped has lower symmaty, since its edges can be distinguished
by length.

Some symmetry operations are illustrated in Fig.[Lb; in essnce, they transform a spatial ar-
rangement into another that is indistinguishable from the original. The rotation of a cubic lattice
through 90 about an axis along the edge of the unit cell is an example of aymimetry operation,
since the lattice points of the nal and original lattice coincide in space and cannot consequently
be distinguished.

We have implicitly encountered translational symmetry when de ning the lattice; since the envi-
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ronment of each lattice point is identical, translation between lattice points has the e ect of shifting
the origin.

6 6 6 6 6

——> translation Figure 1.5: Some symmetry operations. The mir-
ror plane involves re ection symmetry, whereas
6 - x4 the glide plane is a combination of re ection and
translation parallel to the mirror. Translational
m 60 symmetry is intrinsic to all lattices whereas the
other elements may or may not exist for all
© mirror lattices. For example, the triclinic lattice has no
‘\—_/ mirror or glide plane.
rotation )
6 Note that the translations involved in the
o screw axis and glide plane are rational fractions
6 6 of the repeat distance along the translation
o glide direction. The screw axis illustrated involves
6 a rotation of 180 ( diad) combined with a

screw diad translation parallel to the axis.

1.8 Symmetry Operations

An object possesses an-fold axis of rotational symmetry if it coincides with itsel f upon rotation
about the axis through an angle 360/ n. The possible angles of rotation, which are consistent with
the translational symmetry of the lattice, are 360 , 180, 120, 90 and 60 for values ofn equal
to 1, 2, 3, 4 and 6 respectively. A ve{fold axis of rotation does not preserve the translational
symmetry of the lattice and hence is forbidden. A one-fold ais of rotation is called a monad and
the terms diad, triad, tetrad and hexad correspond ton = 2, 3, 4 and 6 respectively.

All of the Bravais lattices have a centre of symmetry, Fig.[I.6. An observer at the centre of symmetry
sees no di erence in arrangement between the directionsuf u, uz] and [ uz u, usz]. The

centre of symmetry is such that inversion through that point produces an identical arrangement
but in the opposite sense. Arotoinversion axis of symmetry rotates a point through a speci ed

angle and then inverts it through the centre of symmetry suchthat the arrangements before and
after this combined operation are in coincidence. For examie, a three-fold inversion axis involves
a rotation through 120 combined with an inversion, the axis being labelled3.

A rotation operation can also be combined with a translation parallel to that axis to generate
a screw axis of symmetry. The magnitude of the translation is a fraction of the lattice repeat
distance along the axis concerned. A 3screw axis would rotate a point through 120 and translate
it through a distance t=3, wheret is the magnitude of the shortest lattice vector along the axs.
A 3, operation involves a rotation through 120 followed by a translation through 2t=3 along the
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Cl

centre of
CH; symmetry

(a) Cl (b)

Figure 1.6: lllustration of centre of symmetry. (a) A molecule with the centre of symmetry identi ed
by the dot. (b) The common point where the arrows intersect isthe centre of symmetry.

axis. For a right{handed screw axis, the sense of rotation isanticlockwise when the translation is
along the positive direction of the axis.

A plane of mirror symmetry implies arrangements which are mirror images. Our left and ight
hands are (approximately) mirror images. The operation of a2 axis produces a result which is
equivalent to a re ection through a mirror plane normal to th at axis.

The operation of a glide plane combines a re ection with a translation parallel to the plane,
through a distance which is half the lattice repeat in the direction concerned. The translation may
be parallel to a unit cell edge, in which case the glide isxial; the term diagonal glide refers to
translation along a face or body diagonal of the unit cell. Inthe latter case, the translation is
through a distance which is half the length of the diagonal cacerned, except fordiamond glide,
where it is a quarter of the diagonal length.

1.9 Crystal Structure

Lattices are regular arrays of imaginary points in space. A eal crystal has atoms associated with
these points. Consider the projection of the primitive cubic cell illustrated in Fig. L.7h. In the
sequence Fig[Ll7b-e, a pair of atoms (Cu at 0,0,0 and Zn &; 3; 3), which also is known as the
motif, is placed at each lattice point of Fig.[1.7a in order to buildup the crystal structure of {brass
(Fig. @.7F).

lattice + motif = crystal structure (1.4)

The location of an atom of copper at each lattice point of a culic{F lattice, generates the crystal
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(@) (b) ()

(d) (e) (f)

Figure 1.7: Building up the crystal structure of -brass by placing a motif consisting of an appro-
priate pair of Cu and Zn atoms at each lattice point of a primitive cubic lattice. (a) represents the
primitive lattice with the motif consisting of a pair of dist inct atoms that have yet to be placed.
(b-e) The motif is placed at each lattice point. (f) The three-dimensional representation of the nal
structure.

structure of copper, with four copper atoms per unit cell (ore per lattice point), representing the
actual arrangement of copper atoms in space.

Consider a motif consisting of a pair of carbon atoms, with cordinates [0 0 0] and %] relative
to a lattice point. Placing this motif at each lattice point o f the cubic-F lattice generates the
diamond crystal structure (Fig. L.8), with each unit cell containing 8 carbon atoms (2 carbon
atoms per lattice point).

Fig. shows how a Cubic{F cell changes into a Cubic{P cell Wwen the nickel and aluminium
atoms order in the classical = °superalloy system.

1.10 Point Group Symmetry

Consider a molecule such as that illustrated in Fig[LI.ID. Tle symmetry operations on the molecule
constitute a collection known as apoint group because there is always one point in space that is left
unchanged by every symmetry operation in that group. The pont group symmetry of the molecule

is illustrated in Fig. [.I0h. When exposed to infrared lightthe molecules absorb energy and vibrate
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(@) (b)

(©)

Figure 1.8: (a) Projection of the cubic-F lattice. (b) Projection of cubic-F lattice with a motif of a
pair of carbon atoms at G 0;0 and %1; %1; %1 placed at each lattice point. (c) Perspective of the same
structure illustrating the tetrahedral bonding of the carb on atoms.

(a) (b)

Figure 1.9: Nickel based superalloys. (a) The face-centredubic crystal structure of disordered .
(b) The primitive cubic crystal structure of ©

as illustrated in Fig. 1.10b. These vibrations result in a claracteristic spectrum showing peaks
at certain energies which depend on the modes illustrated. @®er molecules with the same point
group symmetry, such as sulphur tetra uoride, will exhibit similar spectroscopic properties. The
point group of a crystal is also the symmetry common to all of ts macroscopic properties.
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(@) (b)

Figure 1.10: (a) A molecule with point group symmetry 2m (diad and a mirror plane parallel to
the diad). (b) Vibration modes (symmetrical stretch, asymmetrical stretch and bending) of the
molecule when appropriately stimulated.

Translations are therefore necessarily excluded in @oint group. Rotations, mirror planes, centre
of symmetry and inversion axes are permitted. There are 32 pnot groups in three dimensions,
classi ed within the seven crystal classes (Table 1.2). Thdriclinic, monoclinic and orthorhombic
groups do not contain triads, tetrads or hexads. For those sgtems, when the point group symbol
contains three elements (e.g. &im), then the symbols are presented in the order of the symmetry
elements parallel to thex, y and z axes respectively, as illustrated in Fig. 1.11a for an objddn the
orthorhombic class.

For crystal systems with higher order axes, thez direction is assigned to that higher order axis, with
the second symbol corresponding to equivalensecondaryaxes that are normal to z, and the third
also normal to z to equivalent tertiary directions passing between the secondary ones. Fig. 1.11b
shows an example for an object in the tetragonal class, withhe tetrad placed along thez axis, the
two mirror planes with normals along the x and y axes and the additional mirror planes generated
by this symmetry also illustrated.

In the case of the cubic system the triad is always the secondymbol given that the de ning
symmetry is four triads.

Some further details on the notation are as follows:

m 2 represents a mirror plane.
2, 3, 4, 6 are 2-fold, 3-fold, 4-fold and 6-fold rotation axesrespectively.

1, 2, 3etc. are inversion axes; the one fold inversion axis is equivaléto a centre of symmetry;
2 signi es a rotation of 360 =2 combined with an inversion through the centre point.
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z
Xy z additional '
R mirrors 4mm
2mm s | - -
______ R z
X : E
T | : )—»y
X
y \ :
: mirrors
(@) mirrors (b) :

Figure 1.11: Convention for point group notation. (a) Groups without high order axes. (b) Groups
with high order axes.

%mm is a 4-fold axis with a mirror normal to it and four mirror plan es containing it. The
symbol is usually written without the space as 4£mmm

432 refers to a point group with 3-fold axes which are not parbel to the z axis, where a unit
cell hasx, y and z axes. This is limited to the cubic system.
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Table 1.2: Point group symmetries associated with the sevemwrystal classes.

Class Non-centrosymmetric ~ Centrosymmetric

Cubic 23, 432,43m m3, m3m é

Hexagonal 6,6, 622, Gnm, 6M2  6=m, 6=mmm = o

Trigonal 3. 32, 3m 3, 3m With high order axes

= WW

Tetragonal 4; 4; 422 4mm; 42m 4=m; 4=mmm

9
Orthorhombic 222; 2mm mmm 2
Monoclinic 2, m 2=m Without high order axes
Triclinic 1 1 3

111

Figure 1.12: (a) Shape of gypsum
(CaS04:2H,0) with point group sym-
metry 2=m. (b) Shape of epsomite
(MgS04:7H,0) with point group sym-

111
110
110

metry 222. Note that the angle between

the (110) and (110) faces is 89.37C, be-

cause the lattice parametersa, b, and

c are 1.1866, 1.1998 and 0.6855 nm re-
(@) (b) spectively.
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Chapter 2

Stereographic Projections

2.1 Introduction

We have seen already that the projection of a three-dimensimal crystal structure into two dimen-

sions, along thez-coordinate, can simplify the perception and representathin of atomic arrange-
ments. There is no loss of information given that the fractional z-coordinate is clearly identi ed

on the projection. This can be seen in Fig. 1.8 where the threelimensional representation of the
structure of diamond lacks clarity whereas the projected ck is readily visualised. The ease of inter-
pretation using the projected structure is illustrated for the more complex structure of"-carbide,
which has a chemical formula between F&C and FesC, in Fig. 2.1. There are six iron atoms in
the cell (3 atz = 3 and the six others that are shared with other cells atz = 0;1 and therefore
contributing a further 3 to the cell). The illustrated cell ¢ ontains a full complement of carbon atoms
but to achieve the composition Fe.4C, the sites coloured blue would only be occupied patrtially.

The projection described in Fig. 2.1 is a straightforward lnear operation and there are no distortions
of that linearity. In contrast, Fig. 2.2 show non-linear projections of circular arcs, in one case a
simple extrapolation on to a horizontal line, and in the other case via a pole located below the
horizontal line where the projections are recorded. The pupose here is to record angles rather than
spatial coordinates.

Imagine now that instead of quadrants of a circle, the diagrans in Fig. 2.2 represent the surfaces
of spheres. A circle drawn on the surface of the sphere wouldh igeneral project as an ellipse on the
horizontal plane of Fig. 2.2a, whereas it would project as anue circle in the case of the projection
method used in Fig. 2.2b.

19
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(@) (b)

Figure 2.1: The structure of hexagonal”-carbide with lattice parameters a = 0:4767nm andc =
0:4353nm. The large atoms are iron. The small atoms are carbonut not all the sites designated
blue are occupied. (a) The three dimensional cell with thez-axis vertical. (b) Projection of the
cell along the z-axis, with the fractional z-coordinates listed.

90 8o

T
'
'
'

90 70 50 3074‘\0

(@) 10 (b) é

Figure 2.2: Projections of angles made by lines intersectm a circular quadrant onto a horizontal
line.

2.2 Angular truth

Consider a sphere that has north and south poles. If a circlesi constructed on the northern
hemisphere with each point on its locus projected on to the egatorial plane by lines originating
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from the south pole, then the projection itself will remain a circle. Fig 2.3a illustrates the circle
ab on the surface of the sphere, together with its projectiona%’ on the equatorial plane. A cross-
section of the same diagram through the centre of the circlabis shown in Fig 2.3. The conjugate
circular section cd is symmetrically inclined to the axis ST.

The line ebis constructed to be parallel to the equatorial plane. The acs eS and Sbare equal in
length so it follows that ; = 5. Sincecdis symmetrically inclined to ST, it follows that 3= »
and therefore 3= 1. In other words, the circle cd is parallel to the equatorial plane. If the circle
cd is now translated towards the equatorial plane, it remains acircle and ends up as a circle®®.

(@) (b)

Figure 2.3: (a) Circle on the surface of a sphere projected oto the equatorial plane via the south
pole. (b) Construction showing that the projection is also acircle.

This example shows that the stereographic projection method illustrated in Fig. 2.3 preserves an-
gular truth; if two circles (e.g. a longitude and latitude) i nscribed on the sphere cross at 90
then the projections of those two circles will also cross athat angle. We shall now consider these
stereographic projections in more detail, following a bri¢ description of why they are of importance.

2.3 Utility of stereographic projections

There is an excellent review of the history of the stereograhpic projection by Howarth, tracing the

origin to the 2nd century BCE in the context of astronomy. Howarth describes how projections
were then used in mineralogy and structural geology, wherethe spatial orientations of a crystal
face, betting plane, fault surface etc. can be considered bynagining a plane passing through the
centre of a sphere'.
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Stereographic projections are two-dimensional represeations which now have found numerous
applications in materials science, with the method often erbhedded in the software that controls
experimental crystallography, for example,

the deformation of single crystals whence crystal planes tate in order to comply with the
external stress; such rotations in polycrystalline materals lead to non-random aggregates
of crystals, the properties of which are in between those ofisgle and random polycrystals.
In both of these cases, it becomes necessary to de ne the oni@ations of individual crystals
relative to the deformation axes, which is where stereografpic projections become useful.

When phase transformations occur in the solid state, the prbability is that the product
phase will form such that the atomic arrangements match as moh as possible, along the
parent/product interface. This often leads to a reproducible orientation relationship between
the two crystals, one which can be represented on a stereogwhic projection in order to
understand the mechanism of transformation or the deformaion behaviour of the two-phase
mixture. Stereographic projections can be used to decide wdther the orientation relationship
is reproducible or occurs by chance.

Di raction data can be presented on stereographic projectims. It is now routine to to examine
both structure and crystallographic information from poly crystalline samples on a single
image, with the crystallographic data presented in the formof corresponding colours on the
microstructural image and stereographic projection.

2.4 Stereographic projection: construction and character istics

Imagine a sphere. Any plane that passes through its centre Wiintersect the surface of the sphere
at a circle whose diameter is that of the sphere; this is knowras a great circle, Fig. 2.4a. The

primitive (great) circle is where the equatorial plane intersects the sphere Fig. 2.4b. The diameter
of a great circle is the same as that of the sphere. Lines of Igitude are all great circles in the

spherical earth approximation.

When an intersecting plane does not pass through the centrefahe sphere it results in a small
circle at the intersection, as illustrated in Fig. 2.4c. Lines of Iditude are in general small circles,
the exception being the equator.

The shortest distance between two points on a sphere is alonipe great circle which passes through
both of the points.

Fig. 2.5a shows a crystal with a cubic lattice, placed at the entre of a sphere with the [100k x-axis,
[010] k y-axis and [001]k z-axis of the sphere; this is the conventional orientation ofthe crystal
in the sphere. Similarly, the orientation of an arbitrary pl ane can be de ned by its normal, which
in general is known as thepole of the plane. Suppose now that the normal to the (011) plane is
projected so that it intersects the sphere at the pointa (Fig. 2.5b), which then is projected to the
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small

great circle
circle \

(@) (b) v ()

Figure 2.4: Intersections of planes with sphere. (a) Greaticcle inclined with respect to the north
and south poles of the sphere, (b) small circle; (c) latitudeand longitude lines (image courtesy of
vectortemplates.com).

south pole. The intersection on the equatorial plane beinghe point b which represents the pole of
the plane on the stereographic projection.

The plane (011) when extended so that it intersects the spher will result in a great circle on the
surface of the sphere, the trace of which can be projected orotthe equatorial plane as illustrated
in Fig. 2.5d. The part of the plane that is in the northern hemisphere projects as a line, and that
from the southern hemisphere as a dashed-line. All points othe trace are at 90 to the pole of
(011) since the pole represents the normal to the plane, anber indication of how the stereographic
projection maintains angular truth.

A projection of the longitudes and latitudes illustrated in Fig. 2.4c on to the equatorial plane would
lead to a net, known as the "Wul net' in which the resulting gr eat circles are spaced at equal angles
as illustrated in Fig. 2.6 where the angular intervals are 2. The net can be used to measure angles
between two poles on a stereographic projection by rotatinghe net such that both poles lie on the
same great circle, followed by counting the degrees sepaing them. Note that the angle between
two great circles will be the same as the angle between theirges.
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(north)
010 001
010 001
100
010
100
(a)
(north)

010 001

(©) (south) (d)

Figure 2.5: Plotting plane normals on a stereographic projetion. The insets, top-left in each case,
show a plan view of the equatorial plane. (a) Crystal places tthe centre of the sphere. (b)
Projection of the pole of (011). (c) Projection of (011). (d) Projection of the trace of the great

circle which is (011) on to the equatorial plane. The trace ofthe plane in the southern hemisphere
is marked as a dashed curve. The crosses identify the intersions of the projection lines with the

equatorial plane.
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90°

trace
)

pole

(@) (b)

(a) (b)

Figure 2.6: The Wul net. (a) Relation between pole and trace of a plane. (b) The net is rotated

until the poles a and b lie on the same great circle to measure the angle in between.c) The

geometrical centrec of the small circle is di erent from its angular centre b. The anglesab and bd
as measured on the great circle are identical. The distancesc and cd are identical when measured
on a ruler. (d) The poles identi ed with arrows are both located at angles 1 to p; and 5 to py.
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The curve representing a great circle on a Wul net is itself an arc of a circle, a result which follows
from the fact that the projection method preserves angular truth. This arc is from a circle that in
general has a radiug greater than that of the net (r,). We now derive the relationship betweenr,
ro and the o set x of the trace of the great circle from the origin.

Referring to the gure below, the distance abis 2ry; the Pythagoras theorem then gives

r2 r2=(r x)?

so it follows that  r=(x2+r2)=2x with r, r 1

Fig. 2.7a,b show the stereographic projection for the cubicsystem, with the rotational symmetry
elements related to the crystallographic directions aboutwhich the rotations occur. Fig. 2.7¢c
shows the stereographic projection being used to show how ¢éhelastic modulus of a single crystal
of ferritic iron varies between 131 and 284 GPa as a function fothe crystallographic orientation,
in a manner consistent with its crystalline symmetry. Even aggregates of crystals often do not
show collective macroscopic-properties that are isotro because the crystals are not distributed
at random. Polycrystalline ferritic steel sheet in which the crystals are aligned with the H001i
direction and with the f110g planes aligned to the rolling plane, exhibit modulus variaton in the
range 140 to 210 GPa. The level of anisotropy in aggregates nebe controlled, as we shall see in
later chapters, to suit speci c purposes such as the formaliity of metal sheets or the magnetic
properties of transformer steels.

2.5 Stereographic representation of point groups

We shall now show using sketch stereograms, that the operain of a diad followed by an inversion
(i.e. 2) is equivalent to a mirror plane. Do the operations3 and 6 lead to centres of symmetry?

A general pole on a stereographic projection is one that is rtolocated at particular symmetry
elements such as the rotation axis or on a mirror plane. The kdck dot on Fig. 2.8a is a general
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(a) (b)

()

Figure 2.7: Stereographic projections for the cubic system(a) Showing the standard way of drawing
the projection with the locations of [100] and [010] on the pameter and [001] at the centre. (b) The
symmetry elements. The lled squares are tetrads, the elliges are diads and triangles are triads.
The tetrads are at 001, triads at hl11 and diads at H011i. Anything with cubic symmetry must
have four triads. (c) Variation in the elastic modulus of a single crystal of bcc iron as a function of
orientation. Diagram courtesy of Shaumik Lenka, construced using data from Dieter (1988).
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pole which on the operation of a diad results in a second polesashown in Fig. 2.8b. When inverted

through the centre, this second pole intersects the stereagphic sphere in the southern hemisphere
and hence is shown as an open circle in Fig. 2.8c, which showbkat the net operation of a diad

followed by an inversion is a mirror plane parallel to the plane of the diagram. It is seen that
2 m.

The operation of a triad on a general pole leads to three such gles, which after inversion result
in the situation illustrated in Fig. 2.8e, which shows that t he point group 3 belongs to a class that
have centres of symmetry wherea® and 6 do not.

(@) (b) (c)

(d) (e) (f)

Figure 2.8: (a) An arbitrary pole is rotated by 180 about the diad normal to the plane of the
diagram, to generate the second pole illustrated in (b). Ths second pole is inverted through the
centre to lead to the result in (c) to represent the full operaion of the inversion diad 2. (d) Triad,
(e) inversion triad and (f) inversion hexad. Mirror planes in (c) and (f) are identi ed using bold
circles.

2.6 The point groups 3m and m3

Referring to Table 1.2, we now explain using sketch stereogms, the di erence between the point
groups 3n and m3.

According to the conventions described on page 17, the poingroup 3m implies that there is a
single triad with the secondary axis being the normal of the nirror plane. The triad ensures that
there would be three such mirror planes. There is no mirror phne normal to the triad (Fig. 2.9a),
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which means that the atomic arrangement along one end of thertad is di erent from the opposite
end. Such a crystal may display spontaneous polarisation ahthe point group 3m is said to be
a polar point group, which include 1 (triclinic); 2, m (monoclinic); mm2 (orthorhombic); 4, 4mm
(tetragonal); 3, 3m (trigonal); 6, 6mm (hexagonal). There are no polar groups in cubic crystals.
Gallium nitride as a polar material (6 mm) is of huge interest in the manufacture of light emitting
diodes { Fig. 2.9b shows that the top surface normal to the head is di erent from the bottom
surface. During deposition of GaN Ims on substrates, the lgers deposit predominantly with
uniform polarity except some regions which have opposite parity and are regarded as defects that
lead to poor control of electrical properties.

The point group m3 belongs to the cubic crystal class with the rst symbolm parallel to the z axis
(page 17) and the mandatory symbol “3' to follow since the dening symmetry of a cubic system
is four triads, in this case inversion triads. It is evident from the plotting of a general pole and its
symmetry related poles shown in Fig. 2.9c that there is a ceme of symmetry. Pyrite belongs to
the cubic class with point group m3. Fig. 2.9d shows a projection of the crystal structure of pyite,

which is primitive cubic. The structure can be compared with the stereogram showing the point
group symmetry in Fig. 2.9c. Bearing in mind that point groups do not include translations, the
glide planes and screw axes indicated in Fig. 2.9d become mirs and diads respectively.

Crystals which lack a centre of symmetry can be piezoelecte i.e. they develop a dipole on being
deformed and will change shape on the application of an eledtal eld. Under normal conditions
the crystal has positive and negative electrical charges wbh are symmetrically distributed, leaving
the crystal in a neutral state when homogeneously deformed.The application of a stress causes
charge asymmetry, and the development of a voltage across ¢hcrystal. PbTiO3 is such a substance
(Fig. 2.10) where for example, the titanium atom is not located at exactly %; %; % The structure is

primitive tetragonal, with point group 4 mm.!

The stereogram illustrated in Fig. 2.10b shows that the structure has no centre of symmetry.
Secondly, if an atom is placed at a general position (markedd) then there will be seven other
identical atoms in the unit cell, inconsistent with the stru cture illustrated in Fig. 2.10a. An atom
placed on a tetrad (marked c) will generate just one atom per unit cell; thus, there is jud one Ti
at 3;3;0:572. The oxygens at3; 3;0 and 3; 3;1 also lie on a tetrad, and since they are shared
between two cells, there is only one such oxygen in the unit de An atom, such as the oxygen at
0 %; % placed on the mirror plane as illustrated by the poles marke b, would generate two such

atoms in the cell (the four on the vertical faces are each shad by two cells).

This example shows how the placing of an atom within a unit cdl must be consistent with the
symmetry elements of the cell because there must be identitaatoms at all symmetry related
positions.

There are many other consequences of whether or not a crystdlas a centre of symmetry. The
free energy of a small volume element containing a one-dimeional composition gradient varies as

li.e. by the convention quoted on page 17, the z direction is assigned to the four-fold rotation axis follow ed by m
for the mirrors with normals parallel to the x andy axes, and the nal symbol for the tertiary mirrors with norma Is
between the x and y axes.
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(@) (b)

(© (©

Figure 2.9: Sketch stereograms showing what happens to a geral pole on the operation of the
following point groups (bold lines represent mirror plane$: (a) trigonal 3m. (b) The structure of

GaN with point group symmetry 6 mm, viewed with the 6-fold axis alongz. The gallium atoms are
labelled green. (c) Cubicm3. (d) Projection of the unit cell of pyrite (FeS>) with the fractional z

coordinates indicated, glide planes marked with dashed lias and screw diads. Not all the symmetry
elements are illustrated for simplicity.

follows:
Fo, do?

+ + it
2422 3 az

= gfcg+ 1— 2.1
g=gfcg+ 1o (2.1)
where ¢ is the concentration, gf tg is the free energy of a homogeneous solution with compositio
T, Z is the distance and ; are speci c functions of the dependence of free energy on thgradients
of concentration as described elsewhere. In this,1 is zero for a centrosymmetric crystal since the

free energy must then be invariant to a change in the sign of tk coordinate z.



2.7. SUMMARY 31

O bold lines indicate
mirror planes

.=

(a) Pb%t ()

Figure 2.10: (a) Lead titanate (PbTiO3) is tetragonal with a = 0:3904 nm andc = 0:4152 nm.
The Pb is located at coordinates (0,0,0.116), the Ti at §; 3;0:572), an oxygen atom at (Q%; 3)
and another oxygen at (%; %; 0). The structure is primitive tetragonal with point group 4 mm. (b)
Stereogram showing the symmetry operations associated witthe point group 4mm.

2.7 Summary

A circle on a sphere projects as a circle on the stereographiprojection; angular relationships
are therefore preserved. The method is therefore well suiteto look at angles between planes
or directions in a crystal. The symmetry of the crystal in its three dimensions becomes easy to
visualise by plotting the symmetry elements in their corred angular orientations on a stereographic
projection. The placing of atoms inside the unit cell during attempts to solve structure must clearly
be consistent with the symmetry determined, for example, fom the external form of well-formed
crystals.

The stereographic projection can also be used quantitativig, by superimposing a Wul net to
directly measure angles between a pair of poles. The net coists of projections of great and small
circles, rather like the longitudes and latitudes on a globerepresenting the earth, The shortest
distance between to points on the surface of a sphere is whehé two points are located on an arc
of a circle which has the same diameter as the sphere. When agj a Wul net to measure the
angle, it therefore is necessary to locate the two poles on aept circle.

We have seen that some quite elementary considerations of symetry can indicate the occurrence
of phenomena such as piezoelectricity, or polar materials.There is much more to be explored in
the chapters that follow.
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Chapter 3

Stereograms for Low Symmetry
Systems

3.1 Introduction

In the cubic system, a plane normal (pole) with indiceshkl is parallel to a direction uvw when
h = u; k= v; | = w; thus the normal to (123) is parallel to [123]. This is not gererally the case for
less symmetrical systems. Fig. 3.1 illustrates this for a t{dimensional unit cell in which b > a.

normal to (11)

Figure 3.1: The direction [11] is not parallel to the normal to the
\"*{@C plane (11). On the other hand, the directions parallel to thecell
A\ ~~.‘?f( edges,i.e. [01] and [10] are parallel to the normals of (01) and
& {4 .
(10) respectively.

The principles for the plotting of poles on stereographic pojections are nevertheless identical for
any lattice. However, the cubic system exhibits extraordirary symmetry so angular relationships
on the stereographic projection are not dependent on the ldice parameter. This is not the case for
other lattices with lesser symmetry, the stereograms of whih will not only appear di erent from

a distance, but for the same lattice type, the angular positons become dependent on the lattice
parameters. Fig. 3.2a,b shows how the projections di er in the case of the cubic and orthorhombic
lattices where the absence of tetrads in the latter is obvios. Fig. 3.2c shows how the projection
changes when one of the lattice parameters of the orthorhomb lattice is changed relative to that

illustrated in Fig. 3.2b.

33
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The fact that directions are not in general parallel to plane normals with the same indices is
apparent from a comparison of Fig. 3.2c,d.

(a) (b)

(©) (d)

Figure 3.2: Stereographic projections centred on the 001 pe. (a) Cubic, lattice parameter 5 units.
(b) Orthorhombic, lattice parameters 2, 3, 8 units. (c) Orth orhombic, lattice parameters 2, 3, 5
units. (d) The orthorhombic cell as in (c) but with direction s plotted instead of poles.
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3.2 Hexagonal System

The unitcellhasa= b6 cand = =90 with =120 . The normals to the (100) and (010)
planes therefore make an angle of 6Q(Fig. 3.3a). This is shown on the projection in Fig. 3.3, whic
highlights a special di culty with the hexagonal system.

(a) (b)

() (d)

Figure 3.3: (a) Showing the hexagonal cell with the normals ¢ the (100) and (010) planes identi ed
with coloured arrows. (b) Stereographic projection of hexgonal structure (lattice parametersa = 2,
b=2 and c= 3 units with =120 ) centred on the 001 pole. (c) Showing the hexagonal cell, now
in four index notation. (d) Corresponding stereogram in fou index notation.
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It is evident from Fig. 3.3a that the (100), (010) and (110) are planes belonging to the same
form f10Qg, i.e., they are crystallographically equivalent. And yet, they have di erent indices.
To eliminate this discrepancy, a four index system is frequetly used for hexagonal lattices by
introducing a fourth axis (labelled d in Fig. 3.3c), which gives plane indices askil , where from
geometry, i = (h+ Kk): This has the e ect of giving equivalent planes the same combiation of
digits in their indices. Thus, (100), (010) and (110) become (1@0), (0110) and (1100) respectively.

A similar conversion for directions fromuvw to UV JW is a little more di cult because it is designed
in such away thatJ = (U + V) and at the same time, the Weiss zone law in which a plandak|
containing a direction uvw is satis ed

hu+ kv+Iw=0 (3.1)
so that
hU + kV + 1J + IW should equal zero.
On substituting for i = (h + k) we get,
hU+ kv +( h Kk)J+IW=0 (3.2)
h(U J)+ k(v J)+IW =0
On comparing the coe cients of h, k and |, and noting that J = (U + V),
U J=u u=2U+V U=31Q2u v)
v J=v ! v=u+2v ad yv=1oy y) (33)
W=w w=W J= i(u+v)

Table 3.1: Directions of the same form now have similar comimations of digits in the four gure
notation.

Three-index notation Four-index notation
[100] L2T10]
[010] 1[1210]
[110] 2[1120]
[uvw] H2u v;2v up (u+v); 3w

Iron, by far the most used metallic material in the world, under ambient conditions is cubic-I with
one iron atom located at each lattice point. The common slip gstem isf 011ghlL11i, each containing
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two independent slip directions of the form hl1li. There are therefore, twelve independent slip
systems, making the iron ductile in polycrystalline form. The same can be demonstrated for the
cubic-I form of iron. This makes iron very ductile.

The cubic-l form of iron is stabilised under ambient conditions by its ferromagnetic properties;
ruthenium and osmium, which in terms of outer electronic structure are iron analogues in the
periodic table, do not exhibit ferromagnetism and hence hag hexagonal crystal structures. In
the absence of its ferromagnetic properties, the stable fon would be hexagonal with a motif of

a pair of identical Fe-atoms, one at 0,0,0 and another at}; %; 3. The easy-slip system is then
f0001gHL120i. Since there is only one (0001) plane in which there are thredirections of the form

h1L120i, polycrystalline hexagonal iron is relatively brittle since the number of slip systems in each
crystal is less than the required ve. So in the absence of feomagnetism, we would not have

civilisation in the form that we know today.

There are caveats to this story. Deformation can occur by mdtanisms other than slip, for example,
mechanical twinning, so that the ve independent slip system requirement is not su cient to
determine the ductility of a polycrystalline material. And iron below its Curie temperature is
not strictly cubic, but tetragonal because the magnetic spns in any given crystal tend to be
aligned along ahl0G axis. However, the tetragonality is quite small and can be nglected in most
experiments, although it does manifest on a macroscopic st&via the magnetostrictive e ect, which
is the variation in the length of a sample subjected to a magngc eld.

3.3 Summary

Complications arise once the de ning symmetry of the cube, .e., four triads, is lost. Directions
and plane normals with the same indices are then not necesdbr parallel and hence have to be
distinguished on a stereographic projection. Furthermore the extent of the discrepancy relative to
the cubic system depends on the anisotropy of the lattice paameters and the angles between the
basis vectors of the system concerned.

The hexagonal system poses a particular problem of commurétion because of the nature of the
special symmetry of the hexad. For example, the crystallogaphically equivalent planes (100), (010)
and (110) have indices that are not permutations of the same set ofidits. The Miller-Bravais four-
index system eliminates this ambiguity but requires additional work to ensure that the Weiss zone
rule is satis ed. Whether the intellectual cost of the four-index system over the usual three-index
notation is justi ed by its elegance is a matter of taste.
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Chapter 4

Space Groups

4.1 Introduction

A point group is a collection of symmetry elements passing though a point, and therefore, necessar-
ily does not include translations. Space groupsin contrast, include translations that are fractions
of a repeat unit, for example, a 3 axis which involves a rotation of 180 followed by a translation
of % of the repeat distance along the axis. Glide planes involvee ections followed by fractional
translations. These translations are small, and hence do riomanifest when the point group is
determined from the external shape of well-formed crystals However, they have consequences in
structure determination and on other properties of crystals. There are 230 space groups which are
made from combinations of the 32 crystallographic point graips with the 14 Bravais lattices.

The relationships between the placing of atoms in the unit c# and the symmetry of the structure
of lead titanate was described on page 29. The structure of PGO 3 is primitive tetragonal with
point group 4mm. Since there are no screw axes or glide planes, the space goosymbol for the
titanate is P4mm, where the rst symbol is to identify the lattice type as prim itive. In this chapter,
we will consider a case where translational symmetry elemes! are present.

4.2 Screw axes and glide planes

A proper rotation axis designated N brings a motif into coincidence after a rotation of ZW A screw
axis, designatedN,, does the same but only when a translation ofNB t follows the rotation by ZW
Heret is the distance between lattice points parallel to the axis. A screw diad (2,) is illustrated
in Fig. 4.1, involving a rotation of 180 followed by a translation of %t parallel to the axis. Other

Lother than the normal periodicity of a lattice

39
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rotation axes following the same logic in terms of notation ae: 31, 3y, 41, 42, 43, 61, 61, 67, 63, 64
and 6s.

Figure 4.1. An illustration of the operation of a
diad where the structure is restored by a rotation
of 180, and a screw diad which involves the same
rotation but then a translation along the axis by
0.5 (hence the notation 3) of the repeat distance
t.

Glide planes are like mirror planes but a re ection is folloned by a translation in order to recover
the symmetry.The terminology for glide planes is explainedin Table 4.1; the translations following
re ection are parallel to the glide plane, the exception begn the diamond glide in a body-centred
cubic structure.

Table 4.1: Symbols for glide planes. ‘f.c.c.' and "b.c.c.' ra abbreviations for face{centred cubic
and body{centred cubic respectively.

Glide character Direction Magnitude Symbol
Axial glide parallel to a, b or c axis %(a; b; or ¢) a; b;orc
Diagonal glide parallel to face diagonal 3(a+ c), 3(b+ c) or 3(a+ b) n
Diamond glide (f.c.c.) parallel to face diagonal z(a+ c), 2(b+ c) or Z(a+ b) d

Diamond glide (b.c.c.) parallel to body diagonal %(a+ b+ c) d
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4.3 Pyrite

Pyrite is an iron sulphide, often known asfools goldbecause it has a gold-like colour. It crystallises
as clusters of perfectly formed cubes (Fig. 4.2); thereforthe external shape indicates that it belongs
to the cubic crystal class with four triads along the body diagonals as the de ning symmetry. The
crystal structure illustrated has a primitive cubic lattic e with a motif of four iron atoms and eight
sulphur atoms per lattice point. There are 2, screw diads that involve a rotation of 180 and a
translation by a fraction % of the repeat distance along the screw axis. In addition, thee are glide
planes parallel to the cube faces, involving a re ection andthen a translations by % the repeat
distance parallel to the cube edges. They therefore ara-glide planes. There also is a centre of
symmetry at the body-centre of the cube §,1,3) and (0,0,0), so the triads are in fact3 inversion
triads.

(@) (b)

(b)

Figure 4.2: (a) Naturally occurring pyrite (FeS»). Micrograph due to Charles Millan, Wikimedia,
under license CC BY-SA 3.0. (b) The crystal structure of pyrite projected on to the f001g plane.
(c) Wycko table for space group P a3, courtesy of the Bilbao crystallographic server.

It is important to note that these small translations associated with the glide plane and screw axis
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do not manifest on the macroscopic shape of the crystal, so #y appear as if they are mirror planes
and diads, respectively. Therefore, the point group ism3. This point group does not describe the
atomic arrangement inside the crystal so we need to use inséel the space group, which would be
P a3.

Since there is a centre of symmetry at each iron atom, and a ted passing through each iron atom,
the site symmetry of each iron atom is3. A triad also passes through each sulphur atom but there
is no centre of symmetry there, so the site symmetry at each dphur atom is 3. The Wycko table
for the space group con rms therefore that there should be far iron atoms and eight sulphur atoms
in the unit cell.

4.4 Cementite

Cementite is a compound of iron with an approximate chemicalcomposition FeC. It has an or-
thorhombic lattice with parameters a = 0:50837 nm,b = 0:67475nm andc = 0:45165 nm. There
are twelve atoms of iron in the primitive unit cell and four of carbon, as illustrated in Fig. 4.3.

@3)

@ Figure 4.3: Crystal structure of ce-

mentite projected on to the (001)
@ ° @ plane. The large atoms are iron
and the red ones carbon.

The lattice type is primitive ( P). Referring to Fig. 4.4, there are n-glide planes normal to the
x-axis, at +x and 3x involving translations of £+ S. There are mirror planes normal to the y-axis
and a-glide planes normal to the z-axis, at heights %z and %z with fractional translations of $
parallel to the x-axis. Following the convention in Fig. 1.11a, the space gnop symbol is therefore

P nma.

Notice from the Wycko table and Fig. 4.4b, that the site symm etries for the iron atoms are of two
kinds. Four of the iron atoms lie on mirror planes and eight ae at general positions. Similarly, we
expect four carbon atoms in the cell because their site symntees are mirrors.
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The structure of cementite clearly is very anisotropic so is properties, such as the elastic moduli,
also vary strongly with the direction within the crystal. Th e shear modulusCy4 is exceptionally
small, some two times smaller than the corresponding term fo aluminium. Nevertheless, the
cementite has an exceptionally large ideal shear strength dcauseelastic deformation reduces its
symmetry from orthorhombic to monoclinic (space groupP 2;=c), with an accompanying increase
in three dimensional covalent bonding that sti ens the material.

In the context of plastic deformation, the slip systems on whch dislocation glide has been observed
include (001)[100], (100)[010], (100)[001], (010)[001]nd (010)[100] but the complex arrangement
of atoms means that slip is actually quite di cult to achieve , making the cementite very hard.
There may be other slip systems that operate when the cemertt is forced to deform in a phase
mixture such as pearlite, but the Burgers vectors of slip ditocations would nevertheless be large
when compared with dislocations in the allotropic forms of ron.

n-glide n-glide

s @) Jé

| | a 1/
) | e e m (613 - . 014

i 13/14 @ i 8/14 b b

@3 @ ®3/4
5
© ® ’

6/:4 3 @ l/.14 3 @ m 6/.14 @ 1/=14 5 e
@ y @ Iy 340
' ' 3/4

(a) a X (b) a X (C) a-glide a-glide

(d)

Figure 4.4: Symmetry elements in the cementite structure. &) n-glide planes. (b) Mirror planes.
(c) a-glide planes (four pairs of iron atoms share the same coondates alongx and z, so there appear
to be only eight Fe atoms in the cell. The overlapping coordirates are omitted for simplicity).

4.5 Shape of Precipitates

Crystallography is one of the characteristics that can in uence the shape of a precipitate, but
its in uence is usually overwhelming when the precipitation occurs in the solid state. In some
circumstances, it is symmetry which determines the shape gbrecipitates which form inside a solid.
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Suppose thatGy, and G, represent the symmetry groups of the matrix and precipitaterespectively.
The common symmetry (intersection group) between these twghases in the observed orientation
relationship is de ned asH . Given a planar interface between them, symmetry operatios consistent
with H leads to other orientations of the interface until the particle is fully enclosed and its shape
de ned. Note that any operation of H is a symmetry operation of the parent and product and
hence each crystal orientation is brought into congruence s the orientation of the two crystals is
not a ected by H.

Aluminium has the space group Fm3m and the silver{rich precipitate has the space group
Fmmm. The orientation relation has been measured to be:

[001] Kk [111)y

[100] K [10T]a

Fig. 4.5 shows the stereograms of the symmetry elements of ¢htwo crystals, in the correct relative
orientation and it is evident the common point group symmetry is 2=m, which is consistent with
the observed plate shape of the both with respect to the diad and the mirror plane.

(@) (b) ()

Figure 4.5: (a) Stereographic representation of the symmaey elements in the point group m3m for
aluminium. (b) Stereographic representation of the symmety elements in the point group mmm
for . The symmetry elements shared by Al and are highlighte d in red. (c) The precipitate
shape observed, corresponding to the shared symmetry groug=m.

4.6 Summary

We have touched on the notion of space groups which represeitl the symmetry elements of the
crystal. The appreciation of space groups is essential in # solution of structures, transformations

which lead to changes in symmetry, and the properties of crytals. A great deal of the work in

identifying the number of symmetry related positions as a function of the space group has already
been documented, with the information routinely available either from the tables published by the

International Union of Crystallography or via the world wid e web.



Chapter 5

The Reciprocal Lattice and
Di raction

5.1 The Reciprocal Basis

The basis vectorsa; were de ned in Chapter 1; a vector u in real space can then be written as a
linear combination of the basis vectors:

U= uja; + Usap + Uzas;

where uy, u and us are its components, whenu is referred to the basis A.

The reciprocal lattice constitutes a special co-ordinate gstem, designed originally to simplify the
study of di raction phenomena. If we consider a lattice, represented by a basis symbol "A' and an
arbitrary set of non-coplanar basis vectorsai, a; and as, then the corresponding reciprocal basis
A has basis vectorsa,, a, and ag, de ned by the following equations:

a; = (ax” az)=(ar:ax ™ ag)
a, = (az” a;)=(a:ax " ag)
az=(a1” ax)=(a:ax " ag)

The term (aj:ax ™ a3) represents the volume of the unit cell formed bya;, while the magnitude of
the vector (ax " a3) represents the area of the (1 0 Q) plane (Fig. 5.1). Since @,” a3) points along
the normal to the (1 0 0)a plane, it follows that a; also points along the normal to (1 0 Oy and
that its magnitude ja,j is the reciprocal of the spacing of the (1 0 ) planes (Fig. 5.1).

The components of any vector referred to the reciprocal basi represent the Miller indices of a
plane whose normal is along that vector, with the spacing of he plane given by the inverse of the
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Figure 5.1: The relationship betweena,; and a;. The
vector a, lies normal to the basal plane wxyz and the
volume of the parallelepiped formed by the basis vec-
tors a; is given by aj:a,™ az. The area of the basal
plane isja™ azj. The height is the spacing between
planes parallel to the basal plane, given by Ha,j.

magnitude of that vector. For example, the vector (u;A ) = (1 2 3) is normal to planes with Miller
indices (1 2 3) and interplanar spacing Huj. We see that

ai:agy =1 when i=j and a:@ =0 when i8] (5.1)

(@) (b) ()

Figure 5.2: Sections of the reciprocal lattice of a cubic-Pdttice. (a) Section normal to [001]. (b)

Section normal to [011]. (c) Section normal to [L111]. Notice how the distance varies inversely with
the spacing of the planes. The origin of the reciprocal lattce is not labelled, but if necessary, can
be designated 000.

5.2 Crystallography of di raction

Consider waves of length incident on planes of atoms. The beams re ected frondi erent planes
in the parallel set illustrated in Fig. 5.3 must also be in phase to avoid destructive interference.
Therefore, the path di erence between beamsa and b, i.e. the distance xyz, must be an integral
number of wavelengths. Sincexyz = 2dsin , the diraction condition is

n =2dsin (5.2)

wheren is an integer and this equation is the Bragg law, with the Bragg angle.

The Bragg law can be expressed conveniently in terms of vects in reciprocal space. In Fig. 5.4,

the Bragg law is satis ed if
kK k=g (5.3)
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Figure 5.3: Electromagnetic waves
incident on a set of parallel crystal
planes with an interplanar spacing
d. The angle of emergence of the
scattered waves is the same as that
of incidence.

Here g is a reciprocal lattice vector beginning at the origin (0,00) and representing the crystal
which is being illuminated by the radiation k. From the geometry of the triangle, it is evident that

sin = %g:k so that sin = (0:5=d)=(1= ) which on rearrangement gives the Bragg law.

(a) (b)

Figure 5.4. (a) The Ewald sphere construction in reciprocalspace. k represents the direction of
the incident beam, k%that of the di racted beam and g the normal to the di racting planes. Both
k and k® have a magnitude ! and g has a magnituded *. The beam is incident on a crystal
which is represented by its reciprocal lattice with origin a 0,0,0. (b) Another illustration of the
Ewald sphere superimposed on the reciprocal lattice. In thé case only the 101 and 1D planes are
in Bragg condition. The reciprocal lattice vectors which do not touch the sphere are not in Bragg
orientation.
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(@) (b) ()

Figure 5.5: Electron diraction patterns from austenite (cu bic-F). (a) Zone axis parallel to [001].
(b) Zone axis parallel to [011]. (c) Zone axis parallel to [111]. Notice that in any pattean, one only
needs to index two reciprocal lattice vectors in order for dl the others to be determined. In the
cases illustrated, the symmetry of the patterns is consistet with that of the zone axes. Contrast
these patterns with the reciprocal lattice sections preseted in Fig. 5.2.

5.3 Intensities

The electrons from an individual atom can coherently scatte an X-ray beam; the atomic scattering
factor f is the ratio of the amplitude scattered by an atom to that scattered by one electron. We
are interested in coherent scattering by all the atoms in a uiit cell, in which case the resultant for
re ections from hkl planes is given by a summation known as thestructure factor:

n y(oms
Fha = fnexpf2i (huy + kv + lwp)g (5.4)
1
n xoms
fnlcos 2 (hup + kvp + lwp) + isin 2 (hy, + kvy + Iwp)]
1

where f, is the scattering factor of atom n and the sum is over all atoms in the unit celly The
magnitude jFj is now the ratio of the amplitude scattered by a unit cell to that scattered by one
electron. jFj? is proportional to the scattered intensity. Notice that for a centrosymmetric system,
the sine term can be neglected since that function is not symmtric about zero. As an example, for

the structure of Cu (cubic close-packed, with four atoms in e cell at 000,120, 03, and 033),

F=f[1+ ei (h+K) 4+ ei (h+1) 4 ei (k+|)] (5.5)

so that the 100y and f 110g re ections would have zero structure factor.

Techniques in which the atomic scattering factor scales wit the atomic number include electron and
X-ray diraction. Re ections such as f10Qy that are dependent on the di erences in the atomic
scattering factors of unlike species, will therefore be wda In neutron diraction, the scattering

Vel =¥ = 1, &' =€ =41, eF?=i, &%= i, 1+ i)=2
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factors can be quite di erent for atoms with similar atomic nu mbers so superlattice re ections can
be more readily detected.

5.4 Diraction from Thin Crystals

When an incident beam deviates by  from the ideal Bragg angle consistent with equation 5.2,
it is possible to nd another beam from within the depth of the crystal which has a path di erence
of % and which will destructively interfere with it. This depth, needed to nd the wave which is
out of phase, increases as becomes smaller; hence for thin crystals, it may not be podsie to
destroy deviant rays. For thin crystals it becomes possibldo obtain di racted intensity even when

the incident beam is not at the exact Bragg orientation.

In transmission electron microscopy we are constrained to ark with thin foils. It follows that
di raction becomes possible even when the incident electrorbeam is not at the exact Bragg orien-
tation. We express this on the Ewald sphere construction by gtending the reciprocal lattice points
in the direction normal to the thin foil (Fig. 5.6, 5.7, 5.8). The fact that electrons have a very
small wavelength compared with X-rays also helps achieve argater chance of di raction because
the Ewald sphere is then relatively at.

(@) (b)

Figure 5.6: (a) Ewald sphere construction for di raction fro m a thin foil. The origin of the reciprocal
lattice is at "O" and the layer designated "P' is the next laye normal to the incident beam, a distance
1=t from the rstlayer. (b) hlll axis ReO; showing the higher order Laue zone (the second layer
of the type sketched in (a).) - pattern courtesy of P. Midgley.
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(@) (b) (c)

Figure 5.7: Fe with cubic-F structure. (a) Electron diracti on from a foil which is 200 nm thick,
zone axis [111]. (b) Diraction from the same foil after thinning it to just 50 nm thickness, zone
axis [111]. Because of this minute thickness, it becomes psible to pick up re ections from planes
of the form f224g. (c) as (a) but zone axis [1 1 0.9]. The Ewald sphere is now tikd away from
some of the reciprocal lattice points on the left hand side.

Figure 5.8: The e ect of crystal size (in all directions) on an X-ray di raction pattern. The material
concerned is halite. The peaks broaden as the crystal gets siter.

5.5 Neutron Diraction

Neutrons are scattered by the atom nucleus and hence the sdating factor is not sensitive to
scattering angle; unlike X-rays, the scattering power doesiot diminish with the Bragg angle , so
good results are obtained even at high . Also unlike X-rays, there is little correlation between the
scattering factor and atomic number. Because the interactbns are with the nucleus, it becomes
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possible to distinguish between isotopes because they novave di erent neutron scattering factors
(for example, hydrogen and deuterium).

X-rays typically penetrate a few micrometers of the surfaceof a sample, whereas neutrons can
penetrate several centimetres. Residual stress is that whh is locked in a sample that is otherwise
at equilibrium, with no externally applied stress. Fig 5.9 shows residual stress contours that are
determined by measuring lattice spacings, comparing them Wh a stress-free sample to calculate
strains, and then converting strains into stresses using th elastic properties of the material.

Figure 5.9: Stress distribution in
a steel weld determined using neu-
tron diraction. This would not
be possible using X-rays. The
numbers on the contours represent
MPa.
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5.6 Summary

It takes a leap of imagination to understand why it is necessey to deal with a space in which
dimensions are inverted. But the fact is that in crystallography, it can be regarded simply as a
lattice in which all reciprocal lattice vectors represent normals to planes in real space, with the
magnitudes of these vectors representing the inverse of thepacing of those planes. Whereas a
plane in real space is de ned by a pair of vectors that lie in that plane, in reciprocal space the plane
is represented by a vector. A plane in reciprocal space repsents all real space planes that share a
common direction (a zone axis).

Imagine now that we wish to nd a direction that is parallel to a plane normal. This is trivial
for a cubic system where plane normals and directions with tk same indices are parallel. So a
[123] direction is parallel to the normal of the (123) plane. This is not generally true for non-cubic
systems, but there exists a metric tensor which makes it easyo nd vectors in reciprocal space
that are parallel to those in real space (and vice versa), a syject reserved for advanced study.



Chapter 6

Deformation and Texture

6.1 Slip in a Single-Crystal

In a tensile test on the sample of cross-sectional areA illustrated in Fig. 6.1a, the normal to the
slip plane lies at an angle to the force F, and the slip direction is at an angle to the tensile
axis. The area of the slip plane isA=cos and the force in the slip direction isF cos so that the
shear stress on the slip plane in the slip direction is

) % FOS (£0S, 6.1)

Schmid factor

The Schmid factor has a maximum value of 0.5 when = =45 . Suppose that a tensile axis
is along [213], plotted on the shaded stereographic triangl in Fig. 6.1b. There is a simple way of
determining which slip system will have the largest resolvd shear stress. The slip system will be
de ned by a slip plane and a slip direction with the latter lyi ng in the former. This means that

the two components of the slip system must come from di erent sereographic triangles. The two

stereographic triangles that are adjacent to the shaded tringle satisfy this condition. Any other

combination gives angles that are too large, giving Schmiddctors that are smaller. The slip system
with the highest resolved shear stress when the tensile lies the shaded triangle will therefore be
[011](111). The construction illustrated is known as Diehl's rule.

The unconstrained shear deformation of a single crystal asllustrated in Fig. 6.2 leads to the
rotation of the axis along which the force is applied. The nomal to the slip plane, the tensile axis
and the slip direction are all in the same plane and remain so dring rotation. The tensile axis
rotates towards the slip direction, on this common plane, duing the course of deformation. If the
axis along which the force is applied is not allowed to changerientation, then it is the slip system
which rotates during deformation Fig. 6.2.
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(a) (b)

Figure 6.1: (a) Deformation of a single crystal. The force isresolved on to the slip plane and

towards the slip direction. Dividing by the area of the slip plane gives the shear stress along the
slip direction. (b) There are 24 stereographic triangles coesponding to the 24 slip systems of the
type f111ghl10i. The orientation of a tensile axis is plotted in the shaded slded triangle.
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Figure 6.2: Slip of an unconstrained single-
crystal. Notice how the axis along which the
force is applied rotates as a consequence of
the slip. The amount of shear implemented
is written  s. If the force axis is constrained
to be vertical then the sample will rotate rel-
ative to the testing machine by the extent
illustrated.

6.2 Texture

Imagine that there is a polycrystalline substance in which he individual crystals are randomly
oriented relative to an external frame of referencé. Suppose that this polycrystalline substance is
subjected to rolling deformation. The individual crystals will then tend to rotate such that the
slip planes comply with the external forces as illustrated n Fig. 6.2. This means that the original
random distribution of crystals in the undeformed sample beomes non-random. The deformed
material is said to becomecrystallographically textured

Most polycrystalline materials show texture due to processg. Texture can arise during solidi ca-
tion when those crystals which have a fast growth direction @rallel to that of the heat ow will
dominate the nal structure. It can arise during recrystall isation and phase transformation when
selective nucleation leads to the formation of a biased disibution of crystals.

A convenient method for communicating texture caused by defrmation, for example, in rolled
sheet, is by stating the setf h k Ighu v wi, the planes which lie roughly parallel to the rolling plane,
and direction in the rolling plane that tends to be parallel to the rolling direction. The overall
texture can be represented as the sum of components:

X
texture = ifh klgihu v wij (6.2)
[

where represents the weighting given to a particular type of texture. The major components
of the deformation texture of austenite aref1 1 0gil 1 2 and f1 1 2ghl 1 1i, the so-called brass

“This frame may, for example, consist of a set of vectors paralel to the rolling direction, transverse direction and
thickness of a rolled plate; alternatively, the principal a xes of an applied system of stresses.
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(a) (b)

Figure 6.3: (a) Figure showing a random distribution of 100 ples from a polycrystalline sample
containing 500 crystals, plotted relative to the rolling direction (RD) and transverse direction (T D).
Notice that the distribution of poles does not appear randombut this is an artefact due to the
angular distortion on a stereographic projection. (b) Corresponding pole gure after texture is
introduced by phase transformation. Here there is a strong éndency for the 100 poles to cluster
around the sample axes. The distribution of poles can be plaéd as contours rather than the dots
illustrated.

and copper textures respectively. Recrystallisation in a ferritic steel often leads to acubetexture
f10 Q0ghD 0 1 cubecomponent and special thermomechanical processing of thgpe used to produce
magnetically soft metal is associated with theGoss texturef1 1 Ogt0 O 1.

Texture can be plotted on a stereogram. Apole gure in this context consists of a stereogram with
its axes de ned relative to the external frame of referenceand with particular hkl poles from each
of the crystals in the polycrystalline aggregate plotted onto it. If the distribution of crystals is
random, the pole gure would appear as in Fig. 6.3a, and if thedistribution is non-random then
this would be apparent in the pole gure, as shown in Fig. 6.3b

An inverse pole gureis one in which the sample frame is plotted relative to the crtal axes of
a reference crystal. Fig. 6.4 an example where the rolling, armal and transverse directions (RD,
ND and TD respectively) are plotted relative to the crystal axes as de ned by the stereographic
triangle. In a cubic system, the 24 stereographic triangleswith 100G, 01, and hl1l at the
corner of each triangle, are crystallographically equivagnt. Therefore, the orientation of the rolling
direction, for example, from each of the 24 triangles can belptted on just one of the stereographic
triangles in the form of poles, or contour plots representily the design of poles in angular space.

Crystallographic texture can be measured using a variety oftechniques such as X-ray di raction
or electron back-scattered diraction (EBSD). In the former case, the polycrystalline sample is
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0.5
-

Figure 6.4: Inverse pole gures for a cubic crystal. The diagams at the top have poles corresponding
to the rolling, normal and transverse directions plotted rdative to the crystal axes, whereas those
at the bottom have the same data represented as contours repsenting the density of poles.

exposed in a system set to detect X-rays from a particular reection (Bragg angle) and the sample
is systematically tilted and rotated in order to capture int ensity at a variety of orientations. In
EBSD, an electron beam is rocked about a xed point on the surlce of a grain using a scanning
electron microscope. At particular angles, the beam is Brag diracted, resulting in a reduction
in intensity picked up by the detector, leading to the formation of channelling patterns of the type
illustrated in Fig. 6.5. These patterns can be interpreted o determine the orientation of the crystal
relative to the sample axes.

Figure 6.5: An electron channelling pattern from a
crystal of copper plotted on a standard stereographic
triangle.
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6.3 Orientation Distribution Functions

A pole gure does not give information about the orientation of a particular crystal relative to
another, since the poles are not in the nal plot identi ed wi th particular crystals. An orientation

distribution function is a more rigorous method of expressing the orientations of crystals relative
to the frame of reference. It uses three Euler angles' 4, and ' ;) which de ne the relative
orientation of the crystal and sample frames of reference, sillustrated in Fig. 6.6.

The set of measured Euler angles made by thRD, TD and ND directions for a particular crystal
is plotted as a point in a cube whose axes scale with;, and ' ,. Each point inside this cube is
a single crystal.

There are very many industrial processes which control and xploit texture on a grand scale.
Beverage cans are incredibly thin even though their bodiesr@ made without fracture using extreme
deformation including deep drawing. The texture of the mateial prior to drawing is controlled
such that plastic instability is avoided in the thickness direction. For similar reasons, the steels
used in the manufacture of formed automobile bodies are texire-controlled. Iron alloys used to
make electricity transformers have to be magnetically soft This is achieved by controlling the
crystallographic texture to minimise magnetic losses.
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«ND
001 010
trace of plane
RD normal to ND

(@) 100 (b)

(©) (d)

Figure 6.6: Operations that de ne the three (Bunge) Euler angles. (a) Initial relationship between
crystal and sample coordinates. (b) Rotation by' ; about ND to generate RD' in a position normal
to the plane containing ND and 001. (c) Rotate by about RD'to generate ND' parallel to 001.
(d) Rotate by ' , about 001 to bring bring crystal and sample axes into coincignce. The insets
show the rotations relative to an aircraft.
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(a) (b)

Figure 6.7: (a) An orientation distribution plotted on a cub e with axes de ned by the Euler angles.
Each dot represents a crystal orientation relative to sampé axes. (b) Sections of the cube to show
how the density of orientations varies.
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6.4 Summary

Crystallographic texture can be understood by a thought exgeriment in which a large single crystal
is broken up into many smaller ones which are then joined togier in somewhat di erent orienta-
tions that are not random. The material then behaves as if it & some of the characteristics of a
single crystal (such as anisotropy) while other propertiesare more a feature of random polycrystals
(such as the multiple slip systems needed per crystal in ordeto achieve plasticity without the
creation of voids).

We have discussed how texture can arise from plastic deforntian, but any kind of processing can
lead to its development. The heat treatment of deformed mateials to induce recrystallisation can
lead to recrystallisation textures because not all "nucleéigrow at the same rate. The nuclei have to
be su ciently di erent in orientation from their surroundin gs to accomplish rapid growth. Similar
selection can occur in phase transformations where the pract phase forms at a grain boundary
because certain boundaries make it possible for the producto adopt a favourable orientation
relationship with the parent phase on either side of the inteface. Both magnetic and electrical
elds can also lead to orientational order in appropriate materials.

So how does one produce a polycrystalline material with a ralom arrangement of grains? The
short answer is, with enormous di culty. Powder techniques can partially reach this goal; metallic
or ceramic powders that are sintered together tend to underg very limited deformation or rotation
during fabrication, and hence may approach a random orientdional distribution.
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Chapter 7

Interfaces, Orientation Relationships

7.1 Introduction

Much of the science and technology of polycrystalline mataals depends on the nature of interfaces
between crystals and the relative orientations of adjacentcrystals. The corrosion resistance of a
boundary depends on how coherent it is, the continuity of debrmation depends on the relative
orientations of the adjacent crystals::: the list is seemingly endless!

Atoms in the boundary between crystals must in general be diglaced from positions they would
occupy in the undisturbed crystal, but it is now well established that many interfaces have a
periodic structure. In such cases, the mist between the crgtals connected by the boundary
is not distributed uniformly over every element of the interface; it is periodically localised into
discontinuities which separate patches of the boundary whee the t between the two crystals is

good or perfect. When these discontinuities are well sepatad, they may individually be recognised
as interface dislocations which separate coherent patchés the boundary, which is macroscopically
said to be semi-coherent. The simple example of a symmetritailt boundary illustrates this.

7.2 Symmetrical Tilt Boundary

The structure of an interface can be understood by creating eboundary beginning with a single
crystal that is sliced and the two halves then rotated relative to generate two crystal in di erent
orientations. The rotation illustrated in Fig. 7.1 about an axis normal to the diagram through an
angle . This leaves a gap between the bicrystal which can be lled wth edge dislocations that
after all, have extra half-planes. The misorientation between the grains can therefore be described
in terms of dislocations. Inserting an edge dislocation of Brgers vector b is like forcing a wedge
into the lattice, so that each dislocation is associated wih a small change in the orientation of the
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lattice on either side of the extra half plane. If the spacingof dislocations isd, then it follows from
Fig. 7.1b that

b
5= o (7.1)

tan

(@) (b)

Figure 7.1: The creation of an interface. (a) Single crystalcut in two halves which are then tilted
through an angle about an axis normal to the diagram. (b) The gap within the til t is lled with
edge dislocations, each with a Burgers vectob and spacingd to create an interface.

The structure of the interface in terms of dislocations provdes a mechanism for calculating the
energy per unit area of the interface as a function of the misgentation . The energy per unit
length Wy of a dislocation is given by:

z

17" G dr

We = We+ > ——0b 2

s 2, 2@ )
We+ 8% n (7.2)

+ P
41 ) ro

where W, is the core energy per unit length, covering the region of thalislocation where elasticity

theory fails; G and are the shear modulus and Poisson's ratio respectivelytq is the radius of

the dislocation core andr; is a cut-o radius beyond which the dislocation strain eld can be

neglected or is limited by the size of the sample. In arrays oflislocations of the type found in

interfaces, the strain elds of individual dislocations are partly compensated by their neighours so
it is a good approximation that rq d in which caser; / 1= . It follows that equation 7.2 can

be written Ws = A(B In ). Therefore, the interfacial energy per unit area ; is related to the

number of dislocations per unit area (Xd):

Ws

ocINalk

tan AB In ) (7.3)

This gives a model for the energy of grain boundaries, basednathe density of dislocations in the
boundary (/ d 1). The variation in energy as a function of misorientation in the symmetrical tilt
boundary described above is illustrated in Fig. 7.2. The moel is not valid for large misorientations
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Figure 7.2: The interfacial energy as a function of the misar
entation for a tilt boundary. The dashed curve represents csps
when the orientation forms a coincidence site lattice.

where the dislocation spacing becomes comparable with the agnitude of the Burgers vector, since
the dislocation cores then begin to overlap.

The symmetrical tilt boundary is an illustration of how inte rfaces can be described in terms of
defect structures with coherent patches in-between the defcts. More complex misorientations
would require more than one array of dislocations to represd the t between the crystals, and
there will come a point where the defect density becomes songe that it is no longer reasonable
to talk of a dislocation structure.

7.3 Coincidence Site Lattices

For high-misorientation boundaries, the predicted spacims of dislocations may turn out to be so
small that the mis t is highly localised with respect to the b oundary, and the dislocation model of
the interface has only formal signi cance (it is often said that the dislocations get so close to each
other that their cores overlap). The arrangement of atoms insuch incoherent boundaries may be
haphazard, with little correlation of atomic positions across the boundary.

On the other hand, it is unreasonable to assume that all highangle boundaries have the disordered
structure. There is clear experimental evidence which show that certain high-angle boundaries
exhibit the characteristics of low-energy coherent or semcoherent interfaces; for example, they
exhibit strong faceting, have very low mobility in pure materials and the boundary di usion co-
e cient may be abnormally low. These observations imply that at certain special relative crystal
orientations, which would usually be classi ed as high-anges orientations, it is possible to obtain
boundaries which have a distinct structure - they contain regions of good t, which occur at regular
intervals in the boundary plane, giving a pattern of good t p oints in the interface. It is along
these points that the two crystals connected by the boundarymatch exactly.

If we consider the good t points to correspond to lattice points in the interface which are common
to both crystals, then the following procedure allows us to étduce the pattern and frequency of
these points for any given orientation relationship. If the two lattices (with a common origin) are
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notionally allowed to interpenetrate and Il all space, then there may exist lattice points (other
than the origin) which are common to both the crystals. The s of these coincidence points forms
a coincidence site lattice (CSL), and the fraction of lattice points which are also coincidence sites
is a rational fraction 1=. is thus the reciprocal density of coincidence sites relative to ordinary
lattice sites. The value of is a function of the relative ori entation of the two grains and not of
the orientation of the boundary plane. The boundary simply intersects the CSL and will contain
regions of good t which have a periodicity corresponding tothe periodicity of a planar net of
the CSL along which the intersection occurs. Boundaries pallel to low-index planes of the CSL
are two dimensionally periodic with relatively small repea cells, and those boundaries with a high
planar coincidence site density should have a relatively v energy.

d coincidence
/\ point
\ Figure 7.3: A rotation of 36.9
\ about h100 of a cubic crystal leads
to a 5. Following any crystal
\ " lattice vector leads to coincidence
/ with the other crystal every ve
\// vectors, for example, along “ab' or

“cd'.

\

7.4 Representation of Orientation Relationships

From Fig. 7.4a, it is evident that the choice of basis vectorsa; is arbitrary though convenient;
Fig. 7.4b illustrates an alternative basis, a body-centredtetragonal (BCT) unit cell describing the
same lattice. We label this as basis "B', consisting of basigectors by, b, and bz which de ne the
BCT unit cell. It is obvious that [B; u] = [0 2 1], compared with [A;u] = [1 1 1]. The following
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vector equations illustrate the relationships between thebasis vectors of A and those of B (Fig. 7.4):

ai = 1b;+1byo+0bg (7.4)
a = ib1+lb2+0b3
as = 0Ob;+0bs+1bs

These equations can also be presented in matrix form as folis:

1

0
110
(a1 a2 a3) = (b1 b2 by) % 1 1 OE (7.5)

0 01

(@) (b)

Figure 7.4. (a) Cubic coordinate system with orthogonal bas vectors of equal magnitude. (b)
Tetragonal coordinate system (red) in which the basis vectos on the basal plane end at the face-
centres of the cubic system. The relationship to the cubic dés (black) is also illustrated.

This 3 3 matrix representing the co-ordinate transformation is denoted (B J A) and transforms
the components of vectors referred to the A basis to those refred to the B basis. The rst column
of (B J A) represents the components of the basis vectoa;, with respect to the basis B, and so on.

The components of a vectoru can now be transformed between bases using the matrix (B J A) &
follows:

[B;u]= (B J A)A; u] (7.6)

Notice the juxtapositioning of like basis symbols. Writing (A J B) as the inverse of (B J A):

[A;u] = (A J B)[B; u]
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7.5 Co-ordinate transformation

Suppose that two adjacent crystals that have an identical cuic lattice, are represented by bases
A" and "B' respectively. The basis vectorsa; of A and b; of B respectively de ne the cubic unit
cells of the crystals concerned. The lattice parameter i® so that ja;j = jb;j = a. The grains are
orientated such that [0 0 1] k[0 O 1k, and [1 0 O makes an angle of 45with both [1 0 0]o and
[0 1 O]y, with [001]a k [001F, as illustrated in the diagram below. Ig{\/_e %@II prove that if u is a
vector such that its components in crystal A are given by [A;u] =] 2 2 2 0], then in the basis
B, [B;u] =[3 1 0]. Show that the magnitude of u (i.e. juj) does not depend on the choice of the
basis.

4010

Figure 7.5: Diagram illustrating the relation between
010 the bases A and B. Note that [001) k [001].

100

Referring to Fig. 7.5, and recalling that the matrix (B J A) co nsists of three columns, each column
being the components of one of the basis vectors of A, with r@ect to B, we have

0 1
[B;a;]= [cos45 sin45 0] cos45  sin45
[B;ay]= [sin45 cos45 0] Sothat (BJA)= % sin45 cos45
[B;az] = [0 0 1] 0 0 1

Now, [B;u] = (B J A)[A; u], and on substituting for [A; u] = [p§ 2p§ 0], we get [B:u] = [3 1 0].
Both the bases A and B are orthogonal so that the magnitude ofu can be obtained using the
Pythagoras theorem. Hence, choosing components referred the basis B, we get:

jui? = (3jb1j)? + (jb2j)? = 10a? (7.7)

With respect to basis A,
o Po P 2_ 2
juir=(0 Zaj)*+(2 2Zayj)° = 10a (7.8)

Hence,juj is invariant to the co-ordinate transformation. This is a general result, since a vector is
a physical entity, whose magnitude and direction clearly canot depend on the choice of a reference
frame, a choice which is after all, arbitrary.
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7.5.1 General Rotation Matrix

If we represent an axis of rotation as a unit vector, then onlythree independent quantities are
needed to de ne a misorientation between grains: two compoents of the axis of rotation, and an
angle of rotation. It follows that a rotation matrix must als o have only three independent terms.
The components of any rotation matrix can be written in terms of a vector u = [u; u, uz] which

lies along the axis of rotation (such thatuju; + usu, + usuz = 1), and in terms of the right-handed

angle of rotation as follows:

0 1
uu( m)+ m  ugux(l m)+ uzn uguz(l m) uzn
(Y IX)= % uup( m) uzn  uzuzx(l m)+ m uyuz(l m)+ uin E (7.9)
uuz( m)+ uzn uzuz(l m) uin uzuz(l m)+ m

wherem = cos and n =sin The right-handed angle of rotation can be obtained from the &ct
that

Ji1+ Joo+ J33 =1+ 2cos (7.10)

and the components of the vectoru along the axis of rotation are given by

up = (\]23 J32):2 sin
U = (Ja1 Ji3)=2sin (7.12)
Uz = (\]12 ng):z sin

If the rotation axis in equation 7.9 is set to be [001} then
1

0
cos sin O
(YJIX)= % sin  cos OE (7.12)
0 0

1

Since for a symmetry operation the vector before and after te rotation is related by a linear
transformation, the trace of the rotation matrix should be an integer; it follows that since 1
cos 1

Jin+t Joyo+J33=1+2cos = 1,0, 1, 2, 3 (7.13)
o 2 2 2 2
=2, ?; ?; Z; 3 (7.14)

showing that a ve-fold rotation axis is not permitted.
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7.6 Example of CSL

We now consider a mathematical method of determining the CSLformed by allowing the lattices

of crystals A and B to notionally interpenetrate; A and B are assumed to be related by a trans-
formation (A S A) which deforms the A lattice into that of B; A a nd B need not have the same
crystal structure or lattice parameters, so that (A S A) need not be a rigid body rotation. Consider

a vector u which is a lattice vector whose integral components do not hee a common factor. As a
result of the transformation (A S A), u becomes a new vectox such that

[A; X] = (A S A)JA; u] (7.15)

Of course, x does not necessarily have integral components in the A basi@.e., it need not be a
lattice vector of A). CSL vectors, on the other hand, identify lattice points which are common to
both A and B, and therefore are lattice vectors of both crystds. It follows that CSL vectors have
integral indices when referred to either crystal. Hencex is only a CSL vector if it has integral
components in the basis A. We note thatx always has integral components in B, because a lattice
vector of A (such asu) always deforms into a lattice vector of B.

The meaning of is that 1 = of the lattice sites of A or B are common to both A and B. It foll ows
that any primitive lattice vector of A or B, when multiplied b y , must give a CSL vector. X
must therefore always be a CSL vector and if equation 7.15 is aitiplied by , then we obtain an
equation in which the vector u always transforms into a CSL vector:

[A; x]= (A S A)A; u] (7.16)

i.e.. given that u is a lattice vector of A, whose components have no common fagt, x is a CSL
vector with integral components in either basis. This can orly be true if the matrix (A S A) has
elements which are all integral since it is only then that [A ;x] has elements which are all integral.

It follows that if an integer H can be found such that all the elements of the matrixH (A S A) are
integers (without a common factor), then H is the value relating A and B.

The rotation matrix corresponding to the rotation 180 about [1 1 2]y is given by (equation 7.9)
0 1

12
(AJA) = %% 5 ZE (7.17)

2 1
and since 3 is the integer which when multiplied with (A J A) gives a matrix of integral elements
(without a common factor), the value for this orientation i s given by = 3.

N = NI

Coincidence site lattices have in recent years become pogail because of the advent of orientation
imaging in the scanning electron microscope. The microscapis usually associated with software
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which calculates the value at every junction between two grains. The accuracy of the technique
is limited so such maps should be taken with a pinch of salt, and large values are not very
meaningful as representations of low-energy boundaries.
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Chapter 8

Crystallography of Martensitic
Transformations

8.1 Introduction

Martensitic transformations, and displacive transformations in general, remain the only way of
making bulk nanostructured materials for engineering appications. The transformation is di u-
sionless and hence can occur at incredibly low temperature@e.g. < 4K), or grow at the speed of
sound in the material (a few thousand ms?). There is no composition change when it grows to
consume the parent phase.

There are, however, a number of peculiarities associated i martensitic transformations, which are
important in the design of alloys. The interface plane betwen austenite and martensite is known as
the habit planeand measurements show that the crystallographic indices ahat plane are irrational
and strange (Table 8.1). Similarly, the orientation relationship between the parent () and product
( 9. The formation of martensite involves the coordinated mowement of atoms. Whereas the most
densely packed planes tend to be parallel, and close-packatirections within those planes tend
to be parallel, there are subtle discrepancies which make # orientations irrational. A typical
approximate orientation relationship, in this case with ° being body-centred cubic and face-
centred cubic, is givenapproximately by

f111g jj f011go (8.1)
MoTi jj h11T o

Another di culty is that the & interface has to be glissile, that is, it must be able to move \ithout
di usion. This requires that the interface must contain no more than one set of dislocations. Any
more than one array of line vectors can lead to interference &ween the dislocations which renders
the interface sessile. In crystallographic terms, this meas that there must be at least one line fully
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Table 8.1: Habit plane indices for martensite. The quoted inlices are approximate because the
habit planes are in general irrational.

Composition /wt.% Approximate habit plane indices
Low-alloy steels, Fe-28Ni fl11l1g

Plate martensite in Fe-1.8C f295
Fe-30Ni-0.3C f315 1@

Fe-8Cr-1C f2529

coherent in the % interface. The transformation strain relating the two latt ices must therefore
at a minimum be an invariant line strain .

8.2 The Shape Deformation

During martensitic transformation, the pattern in which th e atoms in the parent crystal are ar-
ranged isdeformedinto that appropriate for martensite, there must be a correponding change in
the macroscopic shape of the crystal undergoing transformen. The dislocations responsible for
the deformation are inthe % interface, with Burgers vectors such that in addition to deformation
they also cause the change in crystal structure. The deform#on is such that an initially at surface
becomes uniformly tilted about the line formed by the intersection of the interface plane with the
free surface (Fig. 8.1). Any scratch traversing the transfomed region is similarly de ected though
the scratch remains connected at the % interface.

8.3 Bain Strain

We now consider the nature of the strain necessary to transfon the f.c.c. lattice of into the
b.c.c. lattice of © Such a strain was proposed by Bain in 1924 and hence is knowrs ahe "Bain
Strain' (Fig. 8.2). There is a compression along thez axis and a uniform expansion along thex
and y axes.

The Bain strain implies the following rational orientation relationship between the parent and
product lattices:

[00 1}ccjjl0 O 1pec  [11 Okecjjll 0 Obee  [1 1 Okecjj[0 1 Ohee (8.2)



8.3. BAIN STRAIN 75

Figure 8.1: The measured shape deformation due to
martensitic transformation is an invariant-plane strain
with a large shear component { 0:22) and a small di-
latational strain (' 0:03) directed normal to the habit
plane.

but in fact, the experimentally observed orientation relationships are irrational.

The second inconsistency with the Bain strain is that it is na the required invariant-line strain.
In Fig. 8.3a,b, the austenite is represented as a sphere wliic as a result of the Bain strain B,
is deformed into an ellipsoid of revolution which represené the martensite. There are no lines
which are left undistorted or unrotated by B. There are no lines in the (0 0 1), plane which are
undistorted. The lines wx and yz are undistorted but are rotated to the new positions wk° and
y%C Such rotated lines are not invariant. However, the combiné e ect of the Bain strain B and
the rigid body rotation R is indeed an invariant-line strain (ILS) because it bringsyz and y%°
into coincidence (Fig. 8.3c). This is the reason why the obgeed irrational orientation relationship
di ers from that implied by the Bain strain. The rotation requ ired to convert B into an ILS
precisely corrects the Bain orientation into that which is observed experimentally.

As can be seen from Fig. 8.3c, there is no rotation which can nk& B into an invariant-plane strain
since this would require two non-parallel invariant-lines Thus, for the fcc ! bcctransformation,
austenite cannot be transformed into martensite by a homogeeous strain which is an invariant-
plane strain. And yet, the observed shape deformation leave the habit plane undistorted and
unrotated, i.e., it is an invariant-plane strain.

The phenomenological theory of martensite crystallograpk solves this remaining problem (Fig. 8.4).
The Bain strain converts the structure of the parent phase ino that of the product phase. When
combined with an appropriate rigid body rotation, the net homogeneous lattice deformationRB

is an invariant-line strain (step a to cin Fig. 8.4). However, the observed shape deformation is an
invariant-plane strain P1 (step a to bin Fig. 8.4), but this gives the wrong crystal structure. If
a second homogeneous she#, is combined with P, (step b to ¢), then the correct structure is
obtained but the wrong shape since

PP, =RB:

These discrepancies are all resolved if the shape changinget of P, is cancelled macroscopically



(@)

(b) (c)

Figure 8.2: The Bain strain. Some of the iron atoms at the facecentres of the austenite cell are
omitted for clarity. (a) The lattice correspondence for formation of martensite from austenite,
showing a single carbon atom in an octahedral interstice onhie [001] axis. (b) Tetragonal unit

cell outlined in austenite. (c) Lattice deformation (compression alongc-axis) to form martensite

with an appropriate ¢/ a ratio.

by an inhomogeneous lattice-invariant deformation, whichmay be slip or twinning as illustrated in
Fig. 8.4.

The theory explains all the observed features of the martenge crystallography. The orientation
relationship is predicted by deducing the rotation needed b change the Bain strain into an invariant-
line strain. The habit plane does not have rational indices lkecause the amount of lattice-invariant
deformation needed to recover the correct the macroscopichape is not usually rational. The
theory predicts a substructure in plates of martensite (eiher twins or slip steps) as is observed
experimentally. The transformation goes to all the trouble of ensuring that the shape deformation
is macroscopically an invariant-plane strain because thiseduces the strain energy when compared
with the case where the shape deformation might be an invariat-line strain.
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Figure 8.3: (a) and (b) show the e ect of the Bain strain on austenite, which when undeformed is
represented as a sphere of diametanx = yz in three-dimensions. The strain transforms it into an
ellipsoid of revolution. (c) Shows the ILS obtained by combhing the Bain strain with a rigid body

rotation through an angle . a;, a» and az refer to [100] , [010] and [001] axes respectively.

Figure 8.4: The phenomenological theory of martensite crytallography.
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Question Sheet 1

1. Draw an accurate 127 mm diameter stereogram of a cubic crya centred on (001), showing
all poles of the formf100Qg, 110y and f111g.

A single crystal of copper deforms simultaneously on the gii planes (111) and (1L1). When
dislocations on these planes intersect the free surface thideave the traces of the planes visible
on the free surface.

Figure 8.5: Traces on the free surface of a crystal due to slipn two planes.
Indicate on your stereogram the traces of the two slip planesand of the
plane parallel to the (112) face of the crystal. By nding the intersection of
the traces, mark on your stereogram the two directions of theslip planes on
(112). Use a Wul net to determine the angle between these two d@ections
and check by calculation.

2. In an hexagonal crystal the angle (1@0) : (1011) is found to be 372 . Calculate the ratio
c=a What are the indices of the direction common to these facesin both three and four
index notation?

Show that (0001) : (1122) = 48:8 . Draw an accurate 127 mm diameter stereogram centred
on 0001 showing all the poles of the fornf 1010g, f 1011g, f 1120g, and f 1122g.

3. Atetragonal crystal (point group 422, a=1:03nm, ¢ = 0:69 nm) has faces of the form$ 100y,
f11Qg, f101g and f 111g as well as an unknown formf hklg. One faceF of the latter form lies
in the same zone as (101) and (110) with : (101) =42 and F : (110) =25 .

Draw a sketch stereogram of the symmetry elements of the grqu422 and the poles of
the general formf hklg.

Show that (001) : (101) = 33:8 . Draw an accurate 127 mm diameter stereogram centred
on 001, showing all the faces of the forms listed above. Locatthe faceF and all its
equivalents in the same form.

Verify that F is (321).
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Question Sheet 2

Question 1

A thin Im of silver is deposited on to a single{crystal ceramic substrate and their relative orien-
tations measured. Fig. 8.6 shows the 111 poles from the silvéogether with the 110 poles from
the ceramic. Both silver and the ceramic have a cubic lattice with parameters 0.4086 nm and
0.5760 nm respectively.

Label the poles and determine the orientation relationship Why might this orientation relationship
be adopted?

Figure 8.6: Orientation
relationship between Ag
deposited on to a cubic
ceramic substrate.
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Question 2

Describe the Ewald sphere construction and using a sketch,xplain why in transmission electron
microscopy, it is possible to observe di racted intensity evxen when the crystal is not exactly at the
Bragg orientation.

Figure 8.7 shows an electron di raction pattern from a body-centred cubic crystal structure. Ex-
amine the symmetry of this pattern and deduce the direction d the electron beam. Hence label
each of spots on the pattern. Why are some of the spots more iehse than others?

Figure 8.7: An electron di raction
pattern from a body{centred cubic
crystal.

Question 3
Using real and reciprocal lattice vectors, prove the Weiss ane rule that when a direction with real
space indicesy v w] lies in a plane with reciprocal space indicest( k I),

uh+ vk+wl=0 (8.3)

irrespective of the nature of the unit cell.

Question 4

Silicon has a cubic{F lattice with a motif of atoms at (0,0,0) and (3; 3; ). Draw a projection of

the cell and identify on this the diamond glide plane, indicaing the translations involved. Indicate
a possible Burgers vector of a dislocation whose motion wodlleave the lattice unchanged.
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Question 5

Explain why in Fig. 8.8 there is a central region of strong re ections surrounded by two annular
rings. Verify that the electron beam is parallel to a< 210> direction by indexing the spots in the
central region.

Show that the radius of the rst bright ring in reciprocal spa ce is given by

r = — R (8.4)

wheret is the spacing of the planes normal to the< 210> vector.

Figure 8.8: Electron di raction pattern from a cubic{l cryst al of lattice parameter 0.89 nm
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Examples Class 1

Point groups and consequences

a. Draw structure projections of the unit cells of austenite and ferrite, and mark on these the
locations of the octahedral interstices.

b. Identify the point group symmetry of an octahedral interstice in austenitic iron. Repeat this
for the octahedral interstice in ferritic iron. Identify us ing the table below, the symmetry
class to which each interstice belongs.

c. Why does carbon strengthen ferrite much more than austene?

Class Non{centrosymmetric point groups Centrosymmetric pint groups
Cubic 23, 432,43m m3, m3m

Hexagonal 6,6, 622, Bnm, 6Mm2 6=m, 6=mmm

Trigonal 3, 32, 3m 3,3m

Tetragonal 4; 4; 422 4mm; 42m 4=m; 4=mmm

Orthorhombic

Monoclinic

Triclinic

222; 2mm
2;:m

1

mmm
=m

1
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Sketch Sterograms

The corners of a wooden cube are being cut o to make small equidaces of the formf111lg. The
rst four new faces are cut in the order (a) (111); (b) (111); (c) (111) and (d) (111).

1. Sketch stereographic projections, displaying the facesnd the symmetry elements of the model
before cutting, and after each new face is made.

2. Using the table of crystal systems in which de ning symmeties are given for each crystal
system, name the crystal system to which the model will belog after each cut

Table 8.2: The crystal systems

System Conventional unit cell De ning symmetry
Triclinic a; 6 a6 az 6 6 monad
Monoclinic a; 6 a6 az = ; 90 1 diad
Orthorhombic a; 6 ap 6 ag = = =90 3 diads
Tetragonal a = a6 az = = =90 1 tetrad
Trigonal a = a = ag = = 690 1 triad
Hexagonal a;= a6 ag = =90 ; =120 1 hexad
Cubic a = a = ag = = =90 4 triads
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Examples Class 2

Calcium Chloride

The orthorhombic unit cell of CaCl, hasa = 0:624nm, b= 0:643nm andc = 0:420 nm with ion
positions at

Ca: 000 331
Cl xy;0 X¥0 3+X3 Yi3 3 X3+Vij

with x = 0:325 and y= 0:275. Fig. 8.9 is an accurate projection of this structure on Q01).

Figure 8.9: The structure projection for cal-
cium chloride

1. What is the Bravais lattice of this structure?

2. Locate all symmetry elements present in the structure anchence determine those along [100],
[010] and [001]. What is the point group of the crystal structure?

3. Determine the point symmetries of the Ca and Cl ions and expess them on sketch stere-
ograms.
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Martensite

Show diagramatically that it is impossible to obtain a fully coherent boundary between austenite
and martensite.

Orientation relationships

A rotation matrix can be used to describe the orientation relationship between two grains with
identical crystal structure. It can also be described by an &is of rotation and a right{handed angle
of rotation (an axis{angle pair).

The general rotation matrix relating the two cubic lattices for a right{handed rotation  about a
unit axis [uy Uz ug] is given by:
1

0
uu( m)+ m  ugux(l m)+ usn uiuz(l m) uzn
(Y I X)= %uwz(l m) uzn Uzuzx(l m)+ m upuz(l m)+ uin E (8.5)

uuz(l m)+ uzn uouz(l m) uin uzuz(l m)+ m

wherem =cos and n =sin

Show how you might deduce the axis{angle pair from this matrk. Hence derive the axis{angle pair
for the rotation matrix 0 1

010
01

What is the value relating these two grains?
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