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This assumption is equivalent to fitting a unique 'c' curve to
all reactions above the martensite-start temperature Ms, and
was also used by Kirkaldy et al.4 in their empirical analysis
of low-alloy steelTTT curves. Both theseattempts failed to
predict the existenceof 'bays' in the vicinity of the bainitestart temperature; thesebays are regions of the TTT curves
where the reaction-start time is significantly greater than
that associated with temperatures immediately above or
below the cuspedregion. Experiments indicate that in (lowalloy) steelscontaining relatively large quantities of alloying
elements, the bay is replaced by a break in the TTT
diagram, so that the overall appearancebecomesthat of two
C curves separated by a' stasis region where no
transformation occurs despite prolonged heat treatment.
Various qualitative 'solute-drag' theories have been
proposed to account for these bays,1.5but have not been
adequatelyestablishedor shown to be generally applicable.
On the other hand, it is becoming increasingly clear that
TTT diagrams should be correctly interpreted as being
composed of at least two separate C curves, one of which
represents diffusional transformations (equiaxed-ferrite
and pearlite) and the other, displacive reactions
(Widmanstiitten ferrite and bainite). Varying degrees of
overlap betweenthesecurves could then generatethe forms
of TTT diagrams observed experimentally.6 The
temperature corresponding to the upper part of the shear
transformation C curve is often called the bainite-start
temperature Bs, although it strictly refers to the point at
which the nucleation of fen-ite that grows displacively first
becomespossible;7 hence it may correspond either to the
While thermodynamic methods have been widely used in
assessingand predicting the influence of alloying elements
on phase equilibria in steels, isothermal transformation
curves have received little similar attention. Hence it is
not possible to generate reliably time-temperaturetransformation (TTT) diagrams for steels of arbitrary
composition, assuming the existence of suitable thermodynamic data. The lack of detailed understanding about the
nature of nucleation has hindered the investigation of such
diagrams, although there have been a number of notable
attempts at rationalizing TTT curves.
In considering the role of nucleation in hardenability,
Sharma and Purdy1 indicated that the incubation periods
normally associatedwith TTT diagrams (i.e. the time period
before the onset of a detectable amount of isothermal
transformation, 't) can be reasonably described in terms of
Russell's linked-flux analYsis!' 3 where the incubation
period is defined as the time 'totaken to establish a steadystate nucleation rate. Sharma and Purdy managed to
explain successfully the relative reaction-start times
associatedwith sevenlow-alloy steels,although an implicit
assumption in their analysis was that the same nucleation
process applies to all isothermal transformations in steels.

Widmanstiitten-start ~ or the Bs temperature, and can be
satisfactorily rationalized7 in terms of isothermal-martensite
nucleation theory.8.9Bearing theseconceptsin mind, it was
the purpose of this work to analyse thermodynamically
isothermal transformation diagrams in order to achieve a
useful degreeof predictability, generality, and accuracy. It
should be noted, however, that the assumption of separate
C curves is not crucial to the analysis since, in the event of
default, the results should indicate identical descriptive
parametersfor both curves.In the presentwork, attention is
focused on the reaction-start times, since the thermodynamic calculation of ~, Bs, and Ms has been dealt with
elsewhere.7.10.11
METHOD
Assuming the applicability of classical nucleation theory,
neglecting strain energy, and using his theory2 for
incubation periods, Russel13obtained several expressions
for calculating Tsfor a variety of grain-boundary nucleation
situations. Theseexpressionshad the general form

T.OC
~

T

. . (1)

Metal Science Vol. 16

March 1982 159

160

Bhadeshia

Thermodynamic analysis of isothermal transformation diagram!

involved, should the best-fit parameters turn out to be
'sensible'.
Referring to equation (1), and using the theory of
diffusion coefficients,!3 we obtain
D cx:exp (SIR) exp (-QIRT)

. . . . .

. . .

(2)

where S is the activation entropy for diffusion and Q is the
activation enthalpy for diffusion. Substituting this result
into equation (1), assuming"C= "c.,and multiplying L\F;;.by
the molar volume of ferrite, we get
In (Mm)P"CIT] =QI(RT)+C!

.

. . . . . .

(3)

whereL\Fm is the chemical freeenergychangeaccompanying
the formation of 1 mol of nucleating phase in a large
amount of matrix phase and C! is a constant. Optimum
values of p and Q may then be obtained by substituting
experimental values of T, .L\Fm,and "c,and systematically
varying p until the linear correlation coefficient for
equation (3) attains an optimum value.

where
T = absolute temperature
D = an effective diffusion coefficient related to
boundary or volume diffusion, depending on the
coherency state of the nucleus concerned
L\F'm= the maximum volume free energy change
accompanying the for~ation of a nucleus in a
large amount of matrix phase
p = an exponentwhosemagnitudeis a functionof the
nature of the nucleus. Russellobtained p = 2 for a
coherent nucleus and p = 3 for an incoherent one.
Equation (1) has a fairly straightforward format in the sense
that "tois intuitively expectedto be a function of T, L\F:;"and
D. Furthermore, equation (1) is very similar (with p = 1) to
the law describing interfacially controlled growth,12 in
which case D refers to the thermally activated transfer of
atoms across the transformation interface. Emphasizing
then the generality of the form of equation (1), we may,
perhaps with some confidence, use this relationship in a
purely phenomenological senseand avoid the choice of any
particular nucleus model or even any specific set of events
which can lead to the existenceof incubation periods. The
quantities p and D can then be treated as disposable
parameters whose magnitudes may be fixed by curve fitting
to experimental data. This approach is believed to be
necessaryin view of the numerous important assumptions
that have to be made when applying equation (1) to data
taken from TTT curves. For instance, while "t is likely to be
a good approximation for "t., no real justification can be
given for this assumption. Furthermore, it is unlikely that
the nucleation of Widmanstiitten ferrite and bainite can be
properly describedin terms of classical nucleation theory!
sinceit appearsthat the activation energy for nucleation is a
linear function of the driving force. In addition, little is
known about the detailed shapeor the state of coherencyof
the operative nucleus.
In spite of all thesecomplications it seemedreasonableto
associateany thermally activated nucleation processwith a
relationship of the form of equation (1), irrespective of the
detailed nature of the 'fluctuations' involved in the growth
of an embryo to critical size. However, this method
necessarily restricts the fundamental interpretation of any
ensuing results, and at worst amounts to empiricism, but
has the potential advantage of validating the assumptions
Metal Science
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CALCULATION OF CHEMICAL FREE ENERGY
CHANGE FOR NUCLEATION
The significance of the free energy change for nucleation
~F m is illustrated in Fig. 1. The parallel tangent
construction is consistent with the formation of a nucleus
whose composition is such that the maximumvalue of ~F m
is obtained ;14 hence this also represents the most likely
composition of the nucleus, although such a criterion does
not exclude the formation of nuclei of other compositions.
The use of the nucleus composition corresponding to the
maximum Mm is a very good approximation fOT steels,
sincethe solubility of carbon in ferrite is so limited that any
carbon concentration up to the equilibrium level makes
negligible difference to the magnitude of ~Fm. Numerical
valuesof ~F mcan be obtained from the following equations,
which may be readily derived from Fig. 1
~F~-;;-a+RTlnl
fm=RTln

l

~i~-=.;l-RTln
I

aFe{1-x}

~
a~{Xm}

I

.

I~
[ac{x}

I

=0 .

(4)
(5)

where ~e {1- x} refers to the activity of iron in ferrite
evaluated at the concentration (1- x), and a similar
rationale applies to the other activity terms. The term ~F~-;;-a
refers to the free energy change accompanying the
austenite-ferrite transformation in pure iron and R is the
gas constant. The term x is the average carbon
concentration of the steel concerned and Xmrepresentsthe
composition of ferrite which satisfiesequation (4).
After iteratively solving equation (4), the ideal nucleus
composition obtained is substituted into equation (5) to
determine ~Fm. The details of the calculations involved are
given in Appendix 1. The analysis was confined to
temperatures 1:; below which it is thermodynamically
possible to form a nucleus of the same substitutional
alloying elementcontent as the parent phase; this procedure
is often usedin the analysisof nucleation in steels1.15and is
satisfactory if the nucleus and parent phasesare related by
an atomic correspondence,as would appear to be the case
for Widmanstatten ferrite and bainite,7 but is not
necessarilycorrect for diffusional nucleation. However, if
the analysisis confined to temperatureswell below 1:;,then
it is likely that diffusional nucleation, like growth, also
occurs without the partitioning of substitutional alloying
elements. For the present purposes the assumption of no
substitutional element partitioning considerably simplifies
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Table 1

Results obtained

Activation
enthalpy
for diffusion

Qx 10-6, J mol-1

by maximizing

correlation

coefficient

Constant
-CtxlO-2

* Optimum values of R1

the analysis, since a lessextensivethermodynamic database
is necessaryto account for the multicomponent nature of
the steelsconsidered. Thus for alloy steelsthe first term of
equation (4) is replaced16by
[L\F~;.{T-l()()L

significantly alter the results). Furthermore, all data in the
region of obvious overlap between the two component C
curves were also rejected. Additionally, TTT curves (of
Ref. 17) from incompletely austenitized steels were not
included in the analysis. In this way a dataset of some 360
points was establishedfor the purposesof detailed analysis.

. }j~TmagJ+141 L }j(~Tmagi-~Tnmi)]

where the terms within the curly brackets are to be
interpreted as the arguments of the function £\F~~.. The
other terms are Yj, the mole fraction of the ith substitutional
alloying element, disregarding the presenceof carbon, and
£\Tmagi
and £\Tnmi,the displacementsin the temperature at
which the free energy change accompanying the austeniteferrite transformation in pure iron is calculated, in order to
account for the changesin the magnetic and non-magnetic
components of £\F~~.respectively.
The experimental data of Ref. 17 were chosenfor analysis
becausethis is one of the more meticulously determined sets
of TTT curves. Sincethe existenceof two separableC curves
is the basis of the analysis, only those diagrams18whose
component curves could be readily distinguished were used
initially, although the results were subsequently applied
indiscriminately. For diffusional transformations, the
analysis was restricted to temperatures where £\FY~YI
+.
< - 50 J mol-1 (where £\FY~Yl
+. representsthe free energy
change accompanying the growth of ferrite, without
substitutional element partitioning; carbon partitioning
during growth is taken into account) in order to increase
confidence in the assumption that the only composition
change occurring is that associatedwith the redistribution
of carbon. Altering this arbitrary limit to -100 J mol-1 did
not significantly alter the results.
An inspection of experimentally determined TTT
diagrams17readily reveals the existenceof a characteristic
'flat top' and a pronounced asymmetry in the shapeof the
shear transformation C curves. The flat top correspondsto
the temperature at which the nucleation of displacive
transformations first becomespossible.7If this temperature
also happens to be such that only a very limited amount of
growth is possible (due to the 'incomplete reaction
phenomenon,7.19),then it is not meaningful to assign an
'incubation period' to this region of the TTT diagram since
the transformation kinetics could be either nucleation or
growth controlled. Hence only data 40 K below this region
were chosen for analysis (other limits again did not
Table 2

Results obtained

tant
X10-2
~

using modified

RESULTS AND DISCUSSION
The results obtained by maximizing the correlation
coefficient Rl for equation (3) are listed in Table 1, which
also includes data for p = 2,3.
From theseresults it is evident that any of the values of p
obtained could, within the limitations of the analysis,
satisfactorily represent the experimental data in terms of
equation (3), and that it is not justified to draw any
fundamental conclusions from theseresults. Unfortunately,
while high degreesof correlation have been obtained, the
agreement was not found to be sufficiently good for the
purposes of accurately predicting TTT diagrams. This is
partly because the incubation time arises within a
logarithmic term in equation (3), so that the amount of
'explained variation' in t when converted into real time is
less than that indicated by the correlation coefficients in
Table 1. Hence an attempt was made to improve further the
degree of correlation. It was noticed that the graph of
In [(L\Fm )Pt/71 against 1/RT exhibited systematiccurvature
and did-:)not have the strict linear form implied by
equation ((3). This effect is consistent with the diffusion
parameters, activation enthalpy and entropy, being
temperature dependent, and (to a first order of approximation) can be better represented2O
as

Q=Qo+C2(T-To). . . . . . . .
(6)
S = So+C3In(T- To) . . . . . . . . . . (7)
where S, Q, C2, C3, and To are constants. Substituting into
equation (2), we obtain

In

I

t(Mm)P
yz

I

=RT+C4'"
Q'
. . . . . . . . . (8)

where z, Q', and C4 are constants. The results in Table 2
were then obtained using the modified equation.
Before these results can be applied towards the
determination of TTT diagrams, certain further qualifi-

equatior

Correlation
coefficient
Rl

Exponent p

Constant ;;
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cations are necessary.Bhadeshia
7 has shown that the
detectable nucleation of Widmanstiitten ferrite and bainite
requires IL\.P~Yl+«1 to exceed IL\.F
NI, where, in formal
accordance with isothermal martensite nucleation theory,
L\.FNis a linear function of temperature; this function can l:J-e
adequately represented(seeAppendix 2) by
L\.FN = 3.25175(T - 273)-

2183 J mol-1

(9)

Hence, above the temperature where lL\.p~YI+«1
< IL\.FNI,
the
incubation period for the shear transformation C curve can
be effectively taken as infinite; the C curve can then be cut
off by a horizontal line at this temperature, thus faithfully
generating the experimentally observed flat top. A further
precaution to be noted is that sincethe present analysisdoes
not allow for substitutional element partitioning, the
diffusional C curve should not be arbitrarily extrapolated to
temperatures above which L\.FY~YI+«
> O. Finally, the
relevant Ms temperatures may be calculated using the
thermodynamic methods of Refs. 10 and 11.
A representative set of calculated and experimental (full
lines) TfTdiagrams is presentedin Figs. 2 and 3, which are
intended to reflect a wide range of steel compositions.
Figure 2 illustrates the developmentof the bay region, from
only a slight perturbation in an apparently continuous TTT
curve (Fig. 2a) to a complete separation of the component
shear and diffusional curves (Fig. 2h). The agreementis seen
to be reasonable, particularly with respect to the relative
movement of the component C curves; the correct
prediction of this feature of TfT diagrams is important for
hardenability evaluation and, when linked with the good fit

obtained in the bay region, provides a useful technique for
theoretical steel design.
Space restrictions prevent the inclusion of more Tn
diagrams, but the sort of agreementindicated in Fig. 2 was
obtained for almost all of the steels of Ref. 17. Some
discrepancies(Fig. 3) did arise in the caseof very low-alloy
steels where predicted cusps were not evident in the
corresponding experimental reaction-start lines; however,
the latter may have been incorrectly drawn since properly
positioned cusps were evident, e.g. in the 50"10transformation lines (Fig. 3c). In other casesit was obvious that
the normal experimental techniques used in isothermal
transformation work are not capable of achieving the high
quench rates necessaryto bypass the diffusional C curve in
order to conduct tests in the bay region (Fig. 3). With the
high reaction rates involved in thesesteels,careful and highresolution tests would be necessaryto detect any cusps.
Caution must be exercised in interpreting the detailed
(calculated) shapeof the bay region, since the analysis does
not allow for the simultaneous occurrence of two different
nucleation reactions. In such casesit is expected that the
observed reaction-start time should be lower than that
predicted on the basis of either of the component C curves,
becausethe nucleation rates of the two reactions (at least at
this very early stage of the transformation) should be
additive. However, this effect would only be significant at,
and in the immediate vicinity of, the point of intersection of
the shear and diffusional C curves; otherwise, the
contribution from one of the two reactions will be
comparatively small, due to the near horizontal slope of the
Metal Science Vol. 16
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C curves in this critical region. This means that the actual
TTT diagrams should exhibit more rounded bays, rather
than the very sharp calculated bays illustrated in Figs. 2
and 3.
As a matter of interest, Fig. 3d illustrates some predicted
TTT diagrams for a number of hypothetical steel
compositions; the alterations in shapeof the respectiveTTT
curves are in good accord with known effectsof the various
alloying elementson transformation kinetics.
Finally, it should be noted that the analysis does not
allow for grain size variations, but it has been pointed oup 7
that such variations are small; in any case, unless site
saturation occurs, the reaction-start times should not alter
significantly with the usual range of austenite grain sizes
obtained following commercial heat treatments.
CONCLUSIONS
A thermodynamic method has been developed to allow the
prediction of isothermal transformation diagrams, starting
simply from a knowledge of the chemicalcomposition of the
steel concerned. The accuracy obtained appears to be
reasonable, and the technique is capable of correctly
generating the bay region of time-temperaturetransformation diagrams, while at the same time allowing
relative shifts in the shear and diffusional C curves, as a
function of alloying element content. However, it is clear
that further quantitative work on nucleation and nucleation
kinetics is necessarybefore any fundamental information
can be obtained from an analysis of this type.
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APPENDIX
1
The thermodynamic

methods

used are based on

the

Lacher 1 and Fowler and Guggenheim22
formalisms,as

first applied to steels by Aaronson et al.16. 23 This work was
later corrected and reassessed by Shiflet et al.,24 whose
derivations are used throughout the present work but with
the following modifications:
(i) the equation giving the free energy for transformation
from stress-free austenite to stress-free ferrite without
any change in composition (i.e. the To equation) has
been modified as in Ref. 10 in order to allow for the
high level of carbon in the supersaturated ferrite, and
to account for Zener ordering
(ii) in accordance with Refs. 25 and 26, the partial molar
enthalpy L\Hy and the excess partial molar entropy
L\S;s of solution of carbon in austenite are taken to be
functions of carbon content. The temperature
dependence2s.26 of L\H. and L\S;s is also taken into
account.
Other thermodynamic data needed for the analysis are listed
in Refs. 10, 11,27, and 28. The Zener ordering energies were
calculated as in Refs. 29 and 30. The influence of alloying
elements was allowed for as in Refs. 11, 16, and 31. The
L\Tmagiand L\Tnmiwere first derived by Zener, and are taken
from Refs. 16 and 32. The influence of alloying elements of
the carbon-carbon pairwise interaction energies in austenite
can be obtained from Ref. 11. A FORTRAN IV computer
program capable of doing all the necessary calculations
(with an input of only the steel composition) is available on
request.

APPEN DIX 2
A certain minimum amount of driving force AFN is
necessary before the onset of the nucleation of
Widmanstiitten ferrite and bainite.7 Furthermore, the
nucleation of thesephasesseemsto involve the equilibrium
partitioning of carbon, and the criterion for nucleation can
be expressed7as
IAP;'~Y' +«1 >

IAF NI

The function AF N has been determined7 using the
experimental data of Steven and Haynes,33 but, in
evaluating Af'1'-Y,
+«, Bhadeshia, following Shiflet et al.,24
did not take proper account of the variation of Aiiy and AS~s
with carbon content (seeAppendix 1). Although this leads
to only a small error, it was felt necessaryto redetermine
M N in order to maintain a high level of internal consistency
in the thermodynamic calculations; the methods and
data involved in such calculations have been detailed
elsewhere,7but the new results are reported in Fig. 4.
The term AP;'-Y,+« allows for the change in austenite
composition that accompanies the formation of ferrite.
However, for nucleation this change will almost always be
negligible due to the small volume of ferrite involved, and
the chemical free energy change for this processwould be
better represented by AFm (Ref. 14). The resulting
alternative criterion for nucleation would make no
differenceto the calculated temperatureat which nucleation
first becomespossible, so long as the method of free energy
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It should be realized that the above results can as yet only
be taken to be valid over the temperature range indicated in
Fig. 4, and it is likely that at higher temperatures
Widmanstiitten ferrite nucleates from extant allotriomorphic ferrite, rather than directly from austenite grain
boundaries.

Diagram showing
Bs temperature

°C

free energy available

at so-called

calculation is clearly recognized. However, it was felt

necessaryto ensure that M

remains linear with

N

temperature, as required by isothermal martensitic
nucleation theory. The results are plotted in Fig. 4 and it is
clear that linearity is indeed maintained.
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