
� � ��� ���	� 


�
� ��������� � ��� � �������	� ��� ����� ��� ������� � �
���  !����� �"���#�  $�%����� �&�' (  $�����)�# 

*,+.-0/21$354267+98;:!<2=>+@?2-7A.8CBEDF3G/E8;-78H3G8H-JIK+@6JLM8HN2+OA@=>+@+@<%=;D2<P8;D2=;+O60-JQR+9:GQS3$TU8H+@+.6WV#:5=X-J8HT9Y[Z5\]N%A@=;+.+@<
T>8;=;+./2158HN^-7T_:5Q`+@/P:K=;a9:KD2Tb-7/E8;+@=>+@T>8bQR:5=c8HNP+d?2+@T>-01K/^:5Qe356760:[LfT_35/2?g8;N2+@-7=_D2T>+9-7/!8HNP+d<h:[ie+@=b1K+./kj
+@=;3G8H-7:K/!-7/2?2D2TU8H=ULKl_mc678HNP:KD21KN!8;+@TU8HTbAn3G/2/2:58o4h+d3nI5:K-0?2+.?pVp3q15:k:f?!BEDF35/r8;-78s3t8H-7I5+]a9:k?P+@6&356067:uiSTc3
A@:5/2T;-7?2+@=;354260+b=>+@?2DPA.8H-7:K/v-0/w8HNP+x/ED2a]4h+.=y:GQ&8;=;-z3G60T{/2+.+@?2+.?$8;:OaO3G8HAsNw8;N2+|+~}k<h+.A.8;+@?!<P=;:K<�+@=U8H-0+.T@l

��N2+@/OA@:Ka9<267+~}9<2=>:K<h+.=>8;-0+@T`T>D2AsNv35T`A@=>+@+@<�60-7QR+�:5=�8;:KD21KN2/P+@T;T,35=;+y35?P?2=;+.T;T;+.?pV2<2NrLfT;-7An356�a9:k?kj
+@67T�35=;+va9:KT>8;67L�:5Q_BEDF3G60-78H3G8H-JIK+qDPT;+5Ve42DP8O35=>+vL5+.8O/2:589354P60+q8H:^?2+.60-JIK+@=935A.A@D2=;3G8H+vBEDF35/r8;-78s3t8H-7I5+
<2=>+@?2-7A.8H-7:K/2T935T�3(QRD2/2A~8H-7:K/�:5Qo8HN2+$6z35=>1K+v/fDPaC4h+.=�:5Q_A@:K/r8H=>:K6067-0/21MIG35=>-z354267+@T.l��kD2AsN�<2=>:K4267+@a9T
NF3nIK+960:5/21$4�+@+./%T>:K67I5+@?%DPT;-0/P1!+@a9<2-7=;-0A@356�a9:f?2+@6760-0/P1w35/2?�+~}k<h+.=;-7+@/2A.+5l��$:KTU8XiS-7?2+@6JLMD2T>+@?�35=>+
<2=>:K4F35426JLM8HN2+OaCD26J8H-Jj�60-7/2+n35=o35/2?�<�:K6JLk/P:KaO-0356#=>+@1K=>+@T;T>-0:K/PTw�RQR:5=X+�}23GaO<267+5V&-0/��c�y�U� ?F3G8s3GT;N2+.+.8
� *oV"8;N2+98;+@/2T>-067+OTU8H=;+./2158;N�-0TxaO:f?2+.6060+.?^D2T;-7/21g3g�G=;?%:5=;?2+.=X<�:K67Lf/2:5aO-0356���lO��N2+OaO+~8HN2:f?2TXNF3nIK+
T;:5aO+w3G?PIG35/r8s351K+.T@��8;N2+.L%=;+.BfDP-0=;+v3gT>a�3G606�/fDPaC4h+.=d:5QyA@:f+.�9A@-7+@/r8HT935/P?�3G=;+q1K+./2+@=;35606JL%T>-0a9<260+
8H:OAn3567A@D2603G8H+Glc�b/�8HN2+]:58HN2+.=cN235/2?pV�8HN2+.-0=S�F+~}k-04P-060-J8�Lw-0Ty60-7aO-J8H+.?pl{��N2+~Lg?2:O/2:58b3G6060:[i�T;DP�9A@-7+@/r8
-0/r8;+@=H3GA.8H-7:K/2T`4�+.8�ie+@+@/q8;N2+o?P-7�h+@=;+./r8,-7/2<2DP8�IG35=;-0354260+.T�35/2?�A.:K/2T>+@BED2+@/r8;67L�8;N2+@-7=`=H35/215+c:5Q�I53G60-0?P-78�L
aO3[L94�+_/F35=>=;:[i|l��c:[ie+.IK+.=@V28;N2+bA@:K/r8;-0/ED2:KD2T,-0/2A.=;+n3GT;+b-0/�A@:Ka9<2DP8;-0/21C<�:[i,+.=�356760:[iST,aCDPAsN�a9:K=>+
A@:5aO<267+~}q=;+@15=;+@T>T;-7:K/$a9+.8;N2:f?2T{8H:�4�+x-7aO<P60+@a9+@/r8;+@?w=;+.6z3G8;-7I5+@67L�+n35T>-06JLKl

�v [¡ ¢¤£_¥M¦`§]¨�¢
£o©pª�«O¦`¬w­¯®K«9¦°£b± ²M³@¦�³@´y§]¨µ± «v¶g£b¨n¨n³@·g¸
mo676e=>+@1K=>+@T;T>-0:K/�a9+.8;N2:f?2TCAn3G/�4�+q?2+.T;A.=;-04�+@?¹1K+./2+@=;35606JL(-0/%8;+@=;a9TC:5QS/P+@D2=;356{/2+~8�i,:K=>ºET@l%�»:

?2+~¼F/2+x39/P+@D2=;356"/2+.8�ie:K=>º�V½-J8S-0T{¼F=>T>8y/2+@A.+@T>TH35=UL�8;:�<2=;+.T;+@/r8y8HN2+|T>-0/21K67+b/2+@DP=;:K/pl



¾p¿ÁÀ!Â$ÃfÄÆÅuÇFÈ{Â$ÃrÉ�ÊCË½ÅuÌ"ÍdÎ�Ë½Å�ÃfÏ%Ð&ÑRÅGÑÁÒKÇFÈ�Ï%Ë"ÓÆÃfÈÔÈÁÑÔÕÆÖ Àf×½Ø
Ù�Ú>Û�ÚÁÜ Ý�Þ_ßáàPâ>ã_äeåæß�ã_ß»ç_èFéeã
m�T>-0/21K67+�/2+@D2=>:K/�NF3GTC3!1K-JIK+./�/ED2aC4�+@=]:GQ�-0/2<PDP8HT|êFë�V#3G/2?�35/�:5DP8H<2Dk8Cì�lwmíie+@-015NE8]î{ë,-7T

35T>T;:fA@-z3t8H+@?wiS-J8HNv+n35AsN$-0/2<PDP8nl���N2+x35A~8H-JI53t8H-0:5/vïO:5Q&8HN2+|/2+.D2=;:K/�-0T�?P+.¼F/2+.?!4rL��
ïdð�ñ ë î{ë0êFë �ÁòPl7Y[�

ó�BEDF3G8H-7:K/�òPl7Y�T;:5aO+~8H-0a9+@Td8H35º5+.TO8HNP+�QR:K=>a ô ë �Áî{ë7êFëPõ�ö½�~V�iSN2+@=>+Mö�-0T�A@356067+@?¹8HN2+�42-z3GT@V,4PDP8
-0/¹<2=;35A.8;-0A.+5V`8HN2-7T�35?2?2-J8H-0:5/F356e8;+@=>a¤-0T�-0/PA@60DP?2+@?¹-0/�8;N2+v1K+@/2+.=H356S/2:G8s3G8;-0:K/�4rL¹A@:5/2T;-7?2+@=>-0/21^î�÷
35T>T;:fA@-z3t8H+@?wiS-J8HNw8HN2+|A.:K/2T>8H35/r8o-7/2<2DP8|Y5l

máT;-7/21K60+o/2+@D2=>:K/�:KDP8H<PDP8y-0T�3CQRD2/2A~8H-7:K/v:5Q�-J8HTS35A~8H-JI53t8H-0:5/qìp�Áïf��ð�ø#�Áïk��VPiSN2+.=;+|8HN2+bQRD2/2A~8H-7:K/
øg?2+@<�+@/P?2Tc:5/v8;N2+|<2=;:54260+.a¯A@:K/PT;-0?P+@=;+.?pl
Ù�Ú>Û�ÚÔù ú éeèFß�û"éeüíýbåæßpþÿã_ß�����é�è��Sà
��N2+qTU8s35/2?235=;?%QR+.+@?PQR:5=>i,35=;?�/P+.8�ie:K=;ºETdD2T>+@?�-0/(8HN2-7Txie:K=>º�A.:K/2T;-7T>8]:5Q���603nLK+@=>TC:5Q�/P+@D2=>:K/2T

-0/r8;+@=;A.:K/2/2+.A.8;+@?�35Td?2+.T;A@=>-04�+@?¹-0/�¼F1KD2=>+vòPl7Y5lM��N2+@T>+�/P+.8�ie:K=;ºETO35=;+w3G60T;:!=;+.QR+.=;=>+@?�8H:^35TX8HN2=>+@+
6z3nL5+@=;Tc/2+.8�ie:K=>º�iSN2-7AsNM35=>+X8HNP+]-0/P<2DP8HT.V�8;N2+]NP-0?2?2+./gD2/2-J8HTc35/2?!8;N2+]:5DP8H<2Dk8nlS��N2+CT>+@A@:5/2?M6z3nLK+.=

Σ f

Σ f

Σ f

Σ f

Σ f
j

i

1

x

x

y

��-01KDP=;+Còkl7YK��	�

��������������������������� ��!"��#$�%���'&��(
)#*!"��+-,.�/�0&�
�,�10�%�2

!-

���3!"&4�654�
�0�7,�&
���,.�8#*!"��+:9<;$���3��1=
�,?>@�@
�,?!�&A��5�&B1=

,�!"&C!%�D
����E&���54�
!�&4�F,�&A
����3G4���)
H���������8,��H��
��%&4�JI�"&4�',.�F��,?&4�0�%�8,?&A

���3�K��1(!"&B�'!"&���9F;$���61�!"LEM����(N/,O
)�P!%��
����6LE!/�/�0�2,.�81�!"&Q

��!"�����0�PR �
����<& 5�L6R�����!"�S�4,�������&'5�&�,?
��09
-0TX:5Q�8H+./�=;+~QR+@=>=;+@?�8;:M35TUT N2-0?P?2+@/�603[L5+@=�V#35/2?%-78HT]/2+@D2=>:K/2Td3GTCN2-0?P?2+@/�D2/P-78HT.lg��N2+.-0=d35A~8H-JI53t8H-0:5/



¾p¿ÁÀ!Â$ÃfÄÆÅuÇFÈ{Â$ÃrÉ�ÊCË½ÅuÌ"ÍdÎ�Ë½Å�ÃfÏ%Ð&ÑRÅGÑÁÒKÇFÈ�Ï%Ë"ÓÆÃfÈÔÈÁÑÔÕÆÖ Àf×½¾
QRD2/2A~8H-7:K/%-7TX/2:5/kj�67-0/2+@35=@V»-0/(8HN2+q<P=;+@T>+@/r8dA@35T;+w3�8s35/2N�QRD2/2A.8;-0:K/�l$��N2+O8HN2-7=;?%603nLK+@=X<h+.=>QR:K=>aOTX3
60-7/2+n3G={A@:Ka]42-0/F3t8H-0:5/q:5Q&+n35AsN$N2-0?2?P+@/vD2/2-J8S:KDP8H<PDP8nl
Ù�Ú>Û�ÚÁû Wáß»ç_èFÜ`åXWáß�����é�è�� Ü�à�Ü èFß»ä�èFßÆàPàPâUéeãY�2éSéeå
��/�T>D2<h+.=>If-0T>+@?�67+n35=>/2-0/21PVe8HNP+!/2+~8�i,:K=>º�-7T�<2=;+.T;+@/r8;+@?�iS-78;Nµ3�?23G8s3(T;+.8[Z ð \:]_^?`/a(b É ^?`/a�c2V

35/2?¹8HNP+�ie+@-71KNr8HTO35=;+�35?4d>DPT>8H+.?�T>:%35T�8H:(a9-0/2-7aO-7T;+q3G/�+.=;=;:5=�QRDP/2A.8;-0:K/pl���/�8;N2+v60-71KNr8�:5Qo8;N2+
?2+.T;A@=>-0<P8;-0:K/�:5Q|3(T;-7/21K60+v/2+.D2=;:5/pV{<�+@=>QR:5=;a9-0/21�3(67-0/2+@35=�=;+.1K=;+.T;T;-7:K/�:5/µ3�?23G8s3(T;+.8[Z A@35/µ4�+
?2+.T;A@=>-04�+@?�35Td8H=;35-0/2-7/21M3MT;-7/21K67+w/2+@D2=>:K/¹iS-78HN�3^60-7/2+n35=C35A.8;-7IG3G8H-7:K/%QRD2/PA.8H-7:K/pl���/¹8HN2+vA@35T;+v:5Q
8HNP+|8�ie:�603nLK+@=S/2+~8�i,:5=;ºv-0/w¼F1KDP=;+XòPl7Y5V28HN2+|60+@35=;/P-0/21�<2=>:kA.+@T;Ty-0TS+.BfDP-7IG3560+./r8y8;:�3�aCD26J8H-7<260+GVk/2:5/kj
60-7/2+n3G=�=>+@1K=>+@T>T;-0:5/pl���N2+_+�}P-7T>8;+@/2A.+b:5QÆ35/q-7/r8H+@=>aO+.?2-z3t8H+y6z3nLK+.=�3560T>:C356760:[iST`8HN2+caO:f?2+@6½8H:]-0?2+./E8;-7Q�L
-0/r8;+@=H3GA.8H-7:K/2T{4�+.8�ie+@+./!IG35=;-0354267+@T@l
Ù�Ú>Û�ÚKe f�ßÆÜ�è½ãbâUã_äíÜ`ã'e ü Ü<�yâ>ã_ä�ý_èFßFe|âæû*�2âUéeã_à
��N2+b35671K:K=>-78HNPa)D2T;+.?q8H:x8H=H3G-0/O8;N2+_a9:k?P+@60T`NF3GT{4h+.+@/qiS=>-78;8;+@/O4ELUgCl�hPl.iol2�!35Asºt3nLKl���8�-7aO<267+~j

a9+@/r8HTb3q<235=>8;-0A@DP6z35=y60+@35=;/2-7/21qa9+.8;N2:k?MDPT;-0/P1w*{3nLK+.T;-z3G/(TU8s3G8;-0TU8H-0A.To8H:w-7/PQR+@=y8HN2+da9:KTU8b<2=;:54F354267+
?2-7T>8H=>-042Dk8H-0:5/�QR:K={8HNP+|ie+@-71KNr8HTy1K-7I5+@/w8HNP+x?23G8s3Plj kml"jonPprqtsus0vJw�nPprqtsux(y7joz y s"{�s"z*|@s

m�15:k:f?O+�}P35aO<P60+�8H:X-06067D2T>8;=H3G8;+S*{3nLK+.T,=;DP60+y-0T�8HNF3t8,:5QpT;:Ka9+@:K/P+c?2=;3niS-0/21x4F356760T�QR=;:Ka�Y5YcD2=>/2T
+n3GAsN�A.:K/r8s35-7/2-0/P1qY[ZC4F356760T.l`�oQ»8;N2+dY[ZC4F3G6060Te-0/w+@35AsN$DP=;/pV~}$35=>+_426z3GAsº�V235/2?w8HN2+b=>+@TU8y35=;+_iSN2-J8H+Gl� -7IK+./d8HNF3G8�8;N2+�<�+@=;T>:K/9?2=H3niST���8H-0a9+@Ty�R=;+.<26z35A.-0/21_8;N2+�4F356760T#:5/O+@35AsNO:fA@A@35T;-7:K/½�»QR=>:Ka)3bAsN2:5T;+@/

u=0 u=10

Nn��-71KD2=>+_òPl��k�H	�M������
!"&�,.�$�/����#�,?&�����

,�LE�0�*����!"L��3�
�"L3�_5���&��'1���!��
��&-�%LE!"&��6

�0&P�"&4�M����0�
��&Q
���

�4�<�
���K5��?
09D;$�4�_M4�
!�R��?�0L�,.�$

!E�"54�0���$#���,�1��P5���&�
����<M������K!�&-�4����1���!��
��&'�%&B��
�!54�
�8
���,.�$

!�M����0��,�1(
*
����<&���NQ
F������#<9
D2=>/pVP8HNP+x<P=;:K4267+@aí-0T{8H:91KD2+.T;T�QR=;:5aíiSN2-7AsN$D2=>/�}�8HN2+|<�+@=>T;:K/�NF35TS?2=;3[iS/�l���/v8HNP-0T�An3GT;+5V½*,3[L5+@T



¾p¿ÁÀ!Â$ÃfÄÆÅuÇFÈ{Â$ÃrÉ�ÊCË½ÅuÌ"ÍdÎ�Ë½Å�ÃfÏ%Ð&ÑRÅGÑÁÒKÇFÈ�Ï%Ë"ÓÆÃfÈÔÈÁÑÔÕÆÖ À����
=;DP60+@T�-7T{iS=;-J8;8H+./p� �

�K}<� �8b@�g��ð �
�)��� }�b@�!� � �)}<���g��

�o��� �g� �ÁòPl.�5�
8HN23G8{-7T@Vf1K-7I5+@/q8HN23G8,8;N2+_<�+@=;T>:K/wNF35T,?2=H3niS/��g426035Asº�4F356760Te35aO:5/21���Vf8HN2+o<2=;:K423542-067-78�LC8;NF3G8�DP=;/}�i{3GTCD2T;+.?¹-0TX8;N2+q<2=>:K4F354P-060-J8�L^:5QS?2=;3[iS-7/21��µ4P6z35Asº^4F356760TxQR=;:Ka�}�8H-7aO+.TX8HNP+q<2=;:54F3542-760-78�L!8H:
AsN2:KT>+A}»VF:[I5+@=�8HN2+|:[IK+.=H35676"<2=;:54F3542-760-78�L9:5Q�?2=H3niS-7/21��(42356067T@l#��N2-7T�6z35TU8�8H+.=;a¯-7TS3560T>:2��

�K�6���!��ð�ñ �
�
�K�6� }�b@�!� � �)}�� �g� �ÁòPl �K�

�»:�T>:K67I5+�8;N2+v<2=;:K4P60+@a�V`i,+$An35/¹¼F=;TU8q3GT;T;DPaO+%�R8;N2-0T�-0Td:5D2=�NELf<�:58HNP+@T;-7T[�M�]8;NF3G8�8HN2+v<�+@=>T;:K/
iS-0676ÆAsN2:KT;+935/rL!:5Q`8HN2+dD2=>/2T_iS-78;N!8HNP+dTH35a9+C<2=>:K4F3542-760-J8�LKV�T;:w8HNF3t8

�
�)}�� �g��V�iSN2-0AsN^-7T_35A~8HDF356767L�

�o}h�yT>-0/2A.+C-78o?2:k+.T_/2:58o?2+@<�+@/P?(:5/g8HN2+C/ED2a]4h+.=_:5Q`?2=;3[iST.Vp-0TXY��kYKY���8HN2-7To-7ToAn3G6060+.?$8;N2+ pr{%j�x4{ l�F:K=]+@35AsN�<h:KT>T;-74260+�IG3567D2+q:5Q�}ÆV#ie+�A@35/�8HN2+./¹A@:Ka9<2DP8;+q8HN2+w<2=>:K4F354P-060-J8�L(:5Qy?2=H3niS-0/P1���426z35Asº
4F356760T.V�iSN2-7AsNM1K-7I5+@Tb3O42-0/2:5aO-0356"?2-0TU8H=>-042DP8;-0:K/�lc��Q`ie+�35=;+XT;-0a9<26JLv-0/r8H+.=;+@TU8H+.?(-7/gºE/2:[iS-0/21OiSN2-0AsN
D2=>/g8HN2+d<�+@=>T;:K/MNF3GTbaO:KTU8_<2=>:K4F354P67L$?2=H3niS/MQR=;:Ka�Vh8;NF3G8b-7To8H:�A@:Ka9<F35=>+]8HN2+d?P-7�h+@=;+./r8baO:f?2+.60T@V
8HNP+@=;+�-7T�/2:b/2+.+@?�8H:|An3567A@D2603G8H+e8HN2+�/2:5=;aO3560-7T;-0/P1oA@:5/2T>8H35/r8

�
�K�6���!�.l���N2+S=>+@T;DP678`-0T#3|<P=;:K4F3G42-067-78�L

?2-7T>8H=>-042Dk8H-0:5/M:K/�}ÆVÆiSN2-0AsNpV&/2:58xT;DP=;<2=>-0T;-7/21K6JLKV»-0T|a�3u}P-7aCD2a QR:K=A�µð }Æl��c:[i,+~IK+.=@V`3567aO:KTU8x35606
:58;N2+@=�<h:5T;T;-742-067-78;-0+@T&NF3nIK+b3|/2:K/¢¡@+.=;:C<2=>:K4F354P-060-J8�LKVr3GTeA@35/�4�+oT>+@+@/�-0/�¼F1KD2=>+oòPl �PVf35<F3G=>8�QR=;:Ka)8;N2+
8�ie:OD2=>/2TSA@:K/r8H35-0/2-7/21d+@-J8HN2+.=S:K/267LOiSN2-78;+b:K=S:K/26JLq426035Asº�4F3G6060T.l

0.00

0.10

0.20

0.30

0 2 4 6 8 10

Po
st

er
io

r 
pr

ob
ab

ili
ty£

Urn number u

0.00

0.05

0.10

0 2 4 6 8 10

Po
st

er
io

r 
pr

ob
ab

ili
ty£

Urn number u��-015D2=;+dòkl �P�P;$�4��M�!��K

�0�
,�!"�_M���!"R4�"R�,?��,?
)�'��!"�_

����1���!Q�K�0&A5���&¤�SI¥#�����&§¦X¨ª©C«¬�­¨¯®0°�±(96;$���M������K!�&-�B�"�$LE!��K
�M��
!�R4�%R4�?���/����#�&-���
!�L�

���<54�
&'1(!�&�
��%,�&�,�&���©�R4����1�+�R4�%���.��I/R�5�
�

���<M���!"RB�%R�,��?,?
)�
��4�@
F�4��²@�
���<�4�����/����#�&P���
!�L¯!%
������F5��
&B��,.��&�!%
8&������?,��",�R����"9�;$�4���
,��"�Q
�G4��5������K��!@#���

�4�%
F#�����&LE!"�������%
����"�
�<M����0�
��&Q
��0�¥IS«�¦§¨³©�°�IB�´¨ª®0°"°Q±�

����M���!"R4�"R�,?��,?
)��!%���A¨�©E,.��L65B1��7�"���0�@
�����
��4�%&�-¨�µ3�%&4�P�-¨·¶E�"&4��

�4�%
F�%& ��!%
�������>@�"�?5��<!"�2�7,.��> ,?�


5B�%���?��,�LEMB!Q�
�
,�R��?�



¾p¿ÁÀ!Â$ÃfÄÆÅuÇFÈ{Â$ÃrÉ�ÊCË½ÅuÌ"ÍdÎ�Ë½Å�ÃfÏ%Ð&ÑRÅGÑÁÒKÇFÈ�Ï%Ë"ÓÆÃfÈÔÈÁÑÔÕÆÖ À��"À
mo/�-0/r8H+.=;+.T>8H-7/219<2=;:K4P60+@a�-0T�8H:�/2:[iáD2T>+x8;N2+@T>+]=>+@T;DP678HT�8;:O<2=>+@?2-7A.8yN2:[iá67-0º5+.67LO8HN2+x<h+.=;T>:K/$-7T

8H:X:K4P8H35-0/O3X426035Asº�4F35676½3G8e8;N2+o/P+~}f8{?2=;3ni|l��½:5=�8;N2-0T.Vfie+oA.:K/2T;-7?2+@=�8HN2+c?2-7�h+@=>+@/r8e<h:KT>T;-74260+SIG3560D2+.T
:5Q�}¹iS-78;N�8HN2+.-0=C=>+@T;<�+@A~8H-JIK+v<2=;:54F3542-760-78�Lr��QR:K=C+@35AsN¹:5QS8HN2+.a$V�8;N2+w<2=;:54F3542-760-78�L^:GQc:54P8s35-7/2-0/P1g3
426035Asº�4F3G606p-7T�}*�fY[ZPVPT>:98;N2+|:[IK+@=;35606"<P=;:K4F3G42-067-78�L9-0T�Q¸�¹ ÷ñ ��¸�¹

�
�)}<� �_b��g�2}��kY[Z �ÁòPl?ºr�

��N2-7T�<2=;:fA@+.T;Ty-0T�An3G6060+.? nXw�{�»�jozrw�q¼j¾½Qjoz�» :[I5+@=c35606�8HN2+|<�:KT;T>-04267+_I53G60D2+.Ty:GQ_}Æl
m�8H=;35?2-J8H-0:5/F356rT>8H3G8H-7T>8;-0A{3G<2<2=;:K35AsNCi,:5D260?CN23[I5+�D2T;+.?d8HN2+{a9:KTU8#<2=>:K4F354267+,NrLf<h:G8HN2+.T;-0Ty�)}wð �r�

8H:]a�35ºG+_8HN2-7T,<2=>+@?2-7A.8;-0:K/pVP35/2?qie:KD267?wNF3nIK+|60+.?�8H:�3]IG3567D2+_:5Q`Y��G�Pl���/q8HN2+|*,3[L5+@T>-z35/v35<P<2=;:r3GAsNpV
35676h8HNP+X<�:KT;T>-042-760-J8H-0+.T,3G=;+b8s35ºG+@/$-0/r8H:935A.A@:KD2/r8@V�4PDP8Si,+.-01KNr8H+.?g35A.A@:K=>?2-0/P1�8;:�N2:[iá<2=;:54F354267+_8HN2+~L
35=>+5ljoj ¿EÀSw�z�Á
j y%Â4joz�»¢ÁoÃ�s¤À2z*|@s"{%Á�w�joz�Á
Â

�_/2+X:GQ�8HNP+Xa9:KT>8c-0/r8;+@=;+.T>8;-0/21�QR+n3G8;D2=;+.To:5Q&8HN2+X*{3nLK+.T;-035/M35<2<P=;:r35AsN�8H:9-0/PQR+.=;+./2A@+X<2=;:K4P60+@a9T@V
-0Ty8HNF3t8b-78o<2=;:[If-0?2+.T|3�BEDF35/r8H-J8s3G8;-7I5+C+@TU8H-0aO3G8;-0:K/$:5Q`8HN2+CDP/2A@+.=>8s3G-0/r8�Lg-7/g¼28;8;-0/21w3OaO:f?2+@6»8H:q8;N2+
?F3G8H3Pl��&-01KD2=>+�òkl �!T>N2:[iSTC8HN2+�<h:KTU8H+.=;-0:5=X?2-7T>8;=;-04PDP8H-7:K/2T|QR:K= �

�K}h�_iSN2+@/�� ð��Sb�� ð Y[Z!35/2?�Mð �5ZSb'�ÿð YnZKZPl,��/$8HN2+|¼F=;TU8oA@35T;+GVh8;N2+X?P-0T>8;=;-742DP8H-7:K/v-0TST;<P=;+n3G?pV�iSNP-060+|-J8c-7TcT>NF35=><267Lv<�+n35ºG+@?
-0/v8HNP+XT>+@A@:5/2?g:K/2+Gl�i,:K/2T>+@BED2+@/r8;67LKV�8HN2+x<2=>+@?2-7A.8H-7:K/2Tya�3G?2+|:K/$8;N2+X4235T;-7Tc:5Q&8HN2+xT;+.A@:K/P?MaO:f?2+@6
�K� ð �KZSb·� ð Y[ZKZr��-0Tv35T>T;:fA@-03G8H+.?µiS-78HN�3�aCDPAsN T>a�3G6060+.=�D2/PA@+@=U8s35-7/r8�L�8HN235/�8HN2:KT>+Ma�3G?2+
D2T>-0/21�8HN2+|¼F=>T>8cT;+.8c:5Q�?23G8s3Ple��N2+]=>+n35?P+@=y-0/r8H+.=;+@TU8H+.?g-0/w8HNP+]=;+.6z3G8;-7I5+@67L�A@:Ka9<267+~}vaO3G8HNP+@aO3G8H-7An356
8H=>+n3G8;aO+./r8S:5Q&8;N2-0T�<P=;:K4267+@a¯A@35/�=;+.QR+.={8H:³Ä Y5Y[Z4ÅÔljojoj k3p¥prq¼j�|�w�Á
j�x4z�Á=xXz*s"À�{�w�q�z*s"ÁKÆ3x4{�Ç�qts�w�{%z�joz�»

�c+.D2=H356h/2+.8�ie:K=>ºfTy35=>+_D2T>DF35606JL�8H=H3G-0/2+.?q4rL�a9-0/2-7aO-7T;-7/21x35/q+@=>=;:K=eQRD2/2A.8;-0:K/�T;D2AsN�35T{+.BEDF3G8H-7:K/
òPl�Èk� É�� Ê � ð ÊFË�Ì�õÎÍ_Ë�Ï �ÁòPl.È5�Ë�Ì ð Y� ñ ëÑÐ�Ò ^ ë a*Ó ì ^ ë a)Ô/ÕË�Ï ð Y� ñ ë î Õë
iSN2+.=;+�Ë�Ì�-7To8HNP+d:uI5+@=;35606#+.=;=>:K=@V"3G/2?�Ë-Ï�8HN2+d=>+@1KDP6z35=>-0T;+.=@VpDPT;+@?^8H:qQR:5=;A@+C8;N2+d/2+~8�i,:K=>º!8H:wDPT;+
T;aO35676�ie+@-71KNr8HT��Á+.BEDF3G8H-7:K/2T�òPl�ÈK��l�Í 3G/2?�Ê�35=>+wA@:K/r8;=;:K6e<F35=H3GaO+~8H+@=>TCiSN2-0AsN¹6035=;1K+.67L(-0/k�FD2+@/PA@+



¾p¿ÁÀ!Â$ÃfÄÆÅuÇFÈ{Â$ÃrÉ�ÊCË½ÅuÌ"ÍdÎ�Ë½Å�ÃfÏ%Ð&ÑRÅGÑÁÒKÇFÈ�Ï%Ë"ÓÆÃfÈÔÈÁÑÔÕÆÖ À��DÖ
8HNP+CA@:Ka9<267+~}k-78�L�:5Q`8HNP+CaO:f?2+.6Wl Ò ^ ë ae-7To8HNP+]8s35=>1K+.8oQR:K=c8;N2+dT;+~8b:5Q�-0/2<PDP8HTP]8^ ë aæV�iSN2-760+XìD^ ë a`-0To8;N2+
A@:5=;=;+.T;<�:K/2?2-7/21�/2+.8�ie:K=>ºw:KDP8H<PDP8nl

��N2+�aO+~8HN2:f?�DPT;+@?�-0/�8HN2-7T�T>8HDP?PLKV�?2+~IK+.60:K<�+@?�4EL��!3GA ×|3nLØÄ YKY5Y�ÅÔV{-0T�4F35T>+@?�:K/�*,3[L5+@T>-z35/
<2=>:K4F3542-760-J8�L98;N2+@:5=>Lv35/P?�8;=;+n3t8HTS60+@35=;/2-7/21�35Ty35/v-0/kQR+@=;+./2A@+|<2=>:K4267+@a�l

�c3t8HN2+.=Æ8;NF35/x8H=>Lf-7/21y8;:c-7?2+@/r8;-7Q�L_8;N2+,4�+@TU8�T>+.8&:5QPie+@-71KNr8HT@VG8HN2+e356015:K=;-J8HN2a -0/PQR+.=;T&3y<P=;:K4F3G42-067-78�L
?2-7T>8H=>-042Dk8H-0:5/�QR:K=q8HNP+^ie+@-71KNr8HTwQR=;:5a 8HN2+^?F3t8s3�<2=;+.T;+./E8;+@?pl ��N2+./�aO35ºE-0/21�<2=>+@?2-7A.8;-0:K/2T.Vc8;N2+
IG35=;-7+.8�L�:5Q#T>:K60DP8;-0:K/PT{A@:K=>=;+.T;<�:K/2?2-7/2198;:�?2-7�h+@=>+@/r8y<h:KT>T;-74260+|T;+~8HTy:5Q»i,+.-01KNr8HTc35=>+|3[I5+@=;351K+@?$D2T;-7/21
8HNP+x<P=;:K4F3G42-067-78H-7+@T�:5Q»8HN2+.T;+xT;+.8;Tc:GQ&ie+@-71KNr8HT@V�3d<2=>:kA.+@T;TyAn3G6060+.? nXw�{
»�jozrw�q¼jtl"joz�» l

Inputs

O
ut

pu
ts

��-71KD2=>+�òPlOº2��Ù����0�
���4�@
��¤�%�����KM4�"���
�"I2

�4��M���!"R4�"R�,��?,?
)�C�/,.�K

��,?R�5�

,�!"&�!"�*
�����#*��,��"�Q
��<,��#�,�������I��%&4�PM����0�/,.1=
�,?!�&4���%���H�"1�1�!"LEM4�"&�,?����R ���3�.�%���"�0�*�0�
��!"�$R4�"�09
m¯aO3�d>:K=CA.:K/2T;+.BED2+@/2A.+$-7T]8HN23G8d-78C-0T]<�:KT>T;-04P60+�8;:MBfD235/r8H-7Q�L�8HN2+wDP/2A@+.=>8s3G-0/r8�L�:5QS¼28>8H-7/212�9-7Q

8HNP+�-7/PQR+@=>=;+.?�?2-7T>8;=;-04PDP8H-7:K/¹-0T�T;NF3G=;<26JL�<h+@35º5+.?µ-0/�8;N2+�ie+@-71KNr8�T><F35A.+5V,8;N2+$a9:KTU8�<2=;:K42354260+vT>+.8
iS-0676�1K-7I5+O4rL^QÁ35=|8HN2+96z3G=;1K+.T>8XA@:K/r8H=>-042Dk8H-0:5/(8;:$8HNP+�<2=>+@?2-7A.8H-7:K/�35/2?�356J8H+.=;/F3G8;-7I5+9T>:K60Dk8H-0:5/2TbiS-0606
NF3nIK+]60-78>8H67+b-0a9<h:K=U8s35/PA@+5l�mcT_3�A.:K/2T>+@BED2+@/PA@+5Vp8;N2+]<P=;+@?P-0A.8;-0:K/�iS-0676"4h+]35T;T>:kA.-z3G8;+@?!iS-J8HNg39T;aO35606
D2/2A.+@=U8s35-7/E8�L5l���QF:5/x8;N2+eA.:K/r8H=;35=>L5VG8HNP+,?F3G8H3c3G=;+�T;D2AsN]8;NF3G8»?2-J��+.=;+@/r8&T;+~8HT�:GQPie+@-015NE8;T#35=>+eT>-0a9-06035=;6JL
<2=>:K4F354267+5VG35678;+@=>/F3G8H-JIK+.T»iS-7606rA@:5/E8;=;-742DP8H+e-0/xT;-7aO-76z35=p<P=;:K<�:K=>8;-0:K/PT�35/P?X8HNP+,+@=>=;:K=»4F35=ÆiS-0676r4h+e6z35=>1K+5V
35Tb8�Lf<2-0A@35606JLM:fA@A@DP=;Tx-0/(=;+@15-0:K/2T|:5Qe8HN2+9-0/P<2DP8xT;<F3GA@+�iSN2+@=>+�?F3G8H3$3G=;+9T;An3G=;A@+O:K=|+~}kA@+.<P8H-7:K/F356767L
/2:K-7T>L5l���N2-0TS-0T�-76067D2T>8;=H3G8;+@?q-7/v¼21KD2=;+xòPlOº2l

��/�8;N2-0T�A.:K/r8H+�}k8@VF8HN2+x<h+.=>QR:K=>a�3G/2A@+.T�:5Q#?2-J��+.=;+./E8ya9:k?P+@60T{35=;+|4�+@T>8y+~I53G60DF3G8;+@?�D2T;-7/21d8HN2+|67:K1
<2=>+@?2-7A.8H-JIK+|+@=>=;:K=X�KÚFÛ`ó���35Ty?2+.¼F/P+@?!4�+@67:[i|le��N2-7TS+@=;=>:K=S<h+./F3567-0T;+.T�iS-060?v<2=>+@?2-7A.8;-0:K/2T�8;:�3d60+.T;T>+@=



¾p¿ÁÀ!Â$ÃfÄÆÅuÇFÈ{Â$ÃrÉ�ÊCË½ÅuÌ"ÍdÎ�Ë½Å�ÃfÏ%Ð&ÑRÅGÑÁÒKÇFÈ�Ï%Ë"ÓÆÃfÈÔÈÁÑÔÕÆÖ À��DÜ
+~}f8;+@/r8ciSNP+@/v8HN2+~L�35=;+|35A.A@:Ka9<F35/P-0+@?v4rL�35<2<P=;:K<2=>-z3G8;+@6JL�6035=;1K+o+@=;=>:K=S4F35=>T@l

Ú�Û`ó�ð ñ Ý Þ Y� Ð�Ò ^ Ý a Ó ì ^ Ý a Ô/Õ �Bß ^ Ý aà Õ õ¹60:K1�á�â �4ã�ß ^ Ý aà ä�å �ÁòPl � �
iSN2+.=;+Aß ^ Ý aà -7T�=;+@603G8H+.?�8;:d8HN2+|D2/2A.+@=U8s35-7/E8�Lq:5Q&¼P8;8H-7/21dQR:K={8HNP+xT>+.8y:5Q�-0/2<2Dk8HTE]_^ Ý aUl
Ù�Ú>Û�ÚÁß æ(èFÜ�û*�Fâæû"Ü`åOÜ�àPý]ßÆû*�2à�é�ç[�2Þ_ß'ã_ß»ç_èFÜ`åOã_ß�����é�è��è�PèFÜ`âUãbâ>ã_äj é$Ã�sux4ê�s"{oë�ÁKÁ
joz�»¤pr{�x�ìQqts"n

*,+@A@35D2T>+�:5Qe8HN2+91K=;+@3G8x�F+~}k-04P-060-J8�Lg:5Qe8HN2+�QRD2/2A~8H-7:K/2TxD2T;+.?%-0/^8HNP+O/2+~8�i,:5=;º½V�8HNP+@=;+O-0Tx3v<h:KTæj
T;-742-067-78�L%:5Q|:[IK+@=U¼28;8;-0/21%?F3G8s3kl��{ie:�T;:K67DP8H-7:K/2TO35=;+$-0a9<260+.aO+./r8H+@?¹iSN2-7AsNµA@:K/r8;=;-04PDP8H+!8;:�3nIK:5-0?
:[IK+.=>¼28>8H-0/P12ld��N2+d¼F=;TU8x-0TbA@:5/E8H35-0/P+@?^-0/M8HNP+O3G601K:K=>-78;N2a ?2D2+d8H:$�!35AQ×|3[L��b8HNP+9A.:Ka9<260+�}P-J8�Lg<F3uj
=H3GaO+~8H+@=>T�Í¹35/2?�Ê�35=>+x-7/PQR+@=>=;+.?vQR=>:Ka�8;N2+|?F3G8s3kV28HN2+.=;+.QR:5=;+x356067:[iS-0/21d3GDP8H:KaO3G8;-0A_A.:K/r8H=;:56":5Q�8;N2+
a9:k?2+.6�A.:KaO<P60+~}k-J8�LKl

��N2+^T;+.A@:K/2?�=;+.T;-0?P+@Tv-0/�8HNP+^8;=H35-7/2-0/P1�aO+~8HN2:f?pl ��N2+^?F3t8s354F3GT;+^-0Tw+.BfD235606JLµ?2-JIk-7?2+@?�-7/E8;:
3�8H=H3G-0/2-7/21�T;+~8g35/P?�3�8H+.T>8H-7/21�T;+.8@l��»:�42DP-060? 3¹aO:f?2+.6WV_3G4h:KDk8^Y�È5Z¹/2+.8�ie:K=;ºET!35=;+^8H=;35-0/2+.?
iS-78;N�?P-7�h+@=;+./r8]/ED2aC4�+@=>T]:5Q,N2-0?P?2+@/�DP/2-78;TX3G/2?%T>+@+@?PT@V�D2T>-0/21v8HN2+98H=;35-0/2-7/21vT;+~8 �#8HNP+.L(35=>+98;N2+@/
D2T>+@?%8;:$aO35º5+9<2=>+@?2-7A.8H-7:K/2Tx:K/^8HN2+OD2/2T;+.+@/%8;+@TU8H-0/P1!T;+~8C3G/2?�35=>+O=;35/2ºG+@?�4rLªÚ�Û�ó�l8��-015D2=;+�òPl�È

x

y

(A)

Test error

Training error

(B)

Complexity��-71KD2=>+còkl.Èk��«¬	8±rÙ�����&���L3!/�/�0�B�B�"�D!@>����
G�
K
��0��

�4��

���%,�&�,�&��6���%
���«îí%±(I�
����F�0�
��!"��!�&E

���

���)
<���@
��C«�ïr±�,.�_���"�
�����8

���0&A��!��H�"&¤!�M/

,�L65�L�LE!/�/�0�S#��4,�1��¤G�
��_
����6
��
�0&4�CR�5/
H&�!%
_

���&�!",.�
�"98«¬ð�±$,?����54�)
����%

���*

����R����B��>Q,�!"54��!%�~

���6�����
!��*!�&P

���<
����",?&4,?&����"&4�-

���)
�,?&����
�(
����"�F���5�&41(

,�!"&'!%�S

����1�!"LEM����(N/,?
)��!%�2

���<LE!/�/���t9
-06760D2TU8H=;3G8H+.T_8HN2+O4h+.NF3nIk-7:KD2=x:5Q{8;N2+�+.=;=;:5=X:K/(8HN2+98H=;35-0/2-7/21�35/2?(8HN2+98H+@TU8H-7/21!T>+.8nl�*,+.An35DPT;+q-J8X-7T



¾p¿ÁÀ!Â$ÃfÄÆÅuÇFÈ{Â$ÃrÉ�ÊCË½ÅuÌ"ÍdÎ�Ë½Å�ÃfÏ%Ð&ÑRÅGÑÁÒKÇFÈ�Ï%Ë"ÓÆÃfÈÔÈÁÑÔÕÆÖ À��~ñ
<�:KT;T>-04267+y8;:C:K4P8H35-0/�3]/2+n3G={<h+.=>QR+.A.8{¼28>8H-7/212VE8HN2+c+@=;=>:K={:K/O8HN2+o8;=H35-7/2-0/P1XT>+.8�-7T{356Ji{3nLfT{?2+.A@=;+@35T;-7/21
iS-78;N!-7/2A@=>+n35T>-0/21qA.:Ka9<260+�}P-J8�LKly��N2+C+.=;=;:5=o:K/!8;N2+]8;+@T>8;-0/21�T;+.8o?2+@A.=;+@35T;+.TX3t8o¼F=>T>8nV�35Tc8;N2+]¼28>8H-7/21
-0a9<2=>:uI5+@T.V242DP8y-0/PA@=;+@35T;+.To3G1r35-0/qiSNP+@/!:[I5+@=>¼P8;8H-7/21�:kA.A@D2=>T@ljoj ò8Ã�x4j�|@sux(y7ê4w�{%jKw¥ìQqts@li{35=;+~QRD26rT;+.60+.A.8H-7:K/|:5Qf8HN2+`-0/P<2DP8ÆIG35=;-0354260+.T"35/2?x:5Qf8HN2+`:KDk8H<2DP8»-7T"+@T;T>+@/r8H-0356K8H:S8HNP+�A.:K/2TU8H=;DPA.8H-7:K/
:5Qy3!15:k:f?%a9:k?P+@6Wl³�F:K=]+�}23GaO<267+5V#-JQy3!<F35=U8H-7A@D26035=XA.:KaC42-7/F3G8;-0:K/(:5Q�8�ie:gI53G=;-z3G4260+.T]-0Tx8HN2:5D21KNr8
8H:�4h+X:5Q`<F35=U8H-0A.D26z3G=c-7aO<�:K=>8H35/2A.+5V�-78cAn35/M4�+]-7/2A@67D2?2+@?g35Tb3OIG35=>-z354267+X-J8HT>+@67Qæly��N2+dT;35aO+]35<2<267-0+.T
8H:$QRD2/2A.8;-0:K/PTC:5QS=;+.60+~I53G/E8]I53G=;-z3G4260+.T@lg��/�A.=;+@+.<¹<2=;:K4P60+@a9TXQR:5=C+~}P35a9<260+GV#60:51½� Ò �X-7T]aCDPAsN�a9:K=>+=;+.60+~I53G/E8�8;NF35/ Ò V�35/2?�aO:f?2+.60Td8H=;35-0/2+.?�8H:(<2=;+.?2-0A~8[ó)ô/õp� Ò �C<h+.=>QR:K=>a¤aCD2AsN�4h+~8;8H+.=98;NF35/¹8HN2:5T;+
iS-78;N Ò 35Ty35/�:KDP8;<2DP8@l*,+@A@35D2T>+,8HN2+,356015:K=;-J8HN2a -7/2A@67D2?2+.T#35/]35DP8H:5a�3G8;-0A`=;+.60+~I53G/2A@+e?2+.8;+@A.8;-0:K/�Ä YKYnZBÅWVtIG35=;-0354260+.T"iSN2-0AsN
35=>+e+.-78HNP+@=»=;+@?PD2/2?F35/r8�:K=»QR:5D2/2?X8;:o4�+e-7=;=>+@60+~IG35/r8#35=>+,3t��+.A.8H+.?d3-¡.+@=>:cie+@-015NE8@l���N2+.=;+{-7T"8HN2+.=;+.QR:5=;+
60-J8;8;60+c8;:�1r35-0/w-7/v=;+@?PD2A@-7/2198;N2+|/ED2aC4�+@=S:5Q&-0/2<2Dk8�I53G=;-z3G4260+.T{4rL�35/rLw:58HNP+@=S<2=;:fA@+.T;T.ljojoj öEÁoÃ�s"{3pr{�w�|"ÁKj�|�w�qFw4l=p�s@|"Áolux(yAÁ)Ã�s7Á
{0w�joz�joz�»

�&:!+@/2T>D2=;+w3�1K:f:k?�?2-0TU8H=;-742DP8;-0:K/(:5Q{8;N2+�?F3t8s3$-7/�8;N2+q?F3G8H3$T>+.8nV�-78X-0T|¼F=;TU8C=H3G/2?2:Ka9-0T>+@?pV&:K=
=H3t8HN2+.=X=>+~j�:5=;1r35/P-0T;+.?pV&iS-J8HN�+~IK+.=>L�:k?2?%60-0/P+94�+@-7/21!a9:[IK+.?�8H:$8;N2+O8;+@TU8H-0/P1gT;+~8nl$�c:[i,+~IK+.=@V�8HN2-7T
<2=>:kA.+@?2D2=>+oNF3GT{4h+.+@/�QR:5D2/2?�8;:C4h+c-0/F3G<2<2=;:5<2=;-03G8H+S-0/98HN2-7Te<235=>8;-0A@DP6z35=`An3GT;+5V235TeiS-7606F4�+o+~}k<26035-0/P+@?
6z3t8H+@=.l�mo/2:G8HN2+.=o-0a9<�:K=>8H35/r8ST>8H+.<g-0TS8HNP+]/2:K=>a�3G60-0T;3G8H-7:K/pVPiSNP-0AsNg42=>-0/215Ty8;N2+]=;35/21K+x:5Q#IG35=>-z3G8;-0:K/2T
:5Q�35606�8HN2+|IG35=;-0354267+@T{4�+.8�ie+@+./ Ó Z2÷.È�35/2?$ZS÷�Èkl���N2-0TS-7TS8;:93[I5:K-0?�NF3nIf-0/21dI5+@=>Lv?P-7�h+@=;+./r8cT>An3567+@TS:5Q
IG35=;-03G8H-7:K/2Te4h+~8�i,+.+@/!8;N2+|?2-7�h+@=>+@/r8y-0/2<2Dk8HT@l
Ù�Ú>Û�ÚKç ø%é,ü ü â=���2ßÆß'ú é�ebß»å
��N2+_A.:KaO<P60+~}k-J8�LO:GQ»3]aO:f?2+.6�?P+@<�+@/2?2T�:5/w-78HT�/ED2aC4�+@={:GQÆN2-0?2?P+@/wD2/2-J8HT.l#��N2+@=>+.QR:K=>+5V2a9:f?2+@67T

iS-78;Nv?2-7�h+@=>+@/r8y/fDPaC4h+.=;TS:5Q&N2-0?P?2+@/�D2/2-J8HT{iS-0676�1K-JIK+|?2-J��+.=;+@/r8y<2=>+@?2-7A.8H-7:K/2T.l
�&:�+~}k<26z3G-0/$8;N2+]:5=;-015-0/�:5Q`35/2:G8HN2+.=o<�:58H+./E8;-z356»?2-J��+.=;+@/PA@+]4�+.8�ie+@+./^aO:f?2+@67T@V½8HN2+X+~}P35a9<260+x:5Q

8HNP+cD2=>/q-0T`D2T>+.QRD26Ôl��&:X+@TU8H-0aO3G8;+y8;N2+c<P=;:K4F3G42-067-78�LC:GQÆ3X426035Asºd4F35676½4h+.-0/21x?2=H3niS/w3t8E�áõ�YKVf-78`i,35T
¼F=>T>8|35T>T;D2a9+@?M8;NF3G8_8;N2+dAsN2:K-7A@+d:5Q`8HNP+dD2=;/gi,35T_8H:G8s356767L�=H35/P?2:Ka�V j�s �

�)}h�yðm}��kY5YKlx�c:[i,+~IK+.=@V
8HNP-0T`aO-71KNr8�/2:58e4�+S8;N2+yAn35T>+5l��!3nLf4h+yT;:5aO+c35=;+S+@35T;-7+@=�8H:X35A@A.+@T>Te8HN235/�:58;N2+@=>TEù��F:K=�+~}P35a9<260+GVE-7Q
D2=>/[ºC-0TeaCD2AsNw+@35T;-7+@=,8;:d35A@A.+@T>T{8HNF35/wDP=;/v�PVf:KD2=,¼2/F356�1KD2+@T>T�:5Q"iSN2-7AsNwD2=;/wNF3GT{aO:5T>8e<2=;:K42354267L
4�+@+@/wDPT;+@?va9-01KNr8,4h+_AsN235/21K+.?pV2<F35=U8H-7A@D26035=;6JL�-7QF�ÿ-7T,=;+.6z3G8;-7I5+@67L9T>a�35676WVf35T{-7/�¼F1KDP=;+|òPl �XiSN2+.=;+|�
35/2?·ºO35=;+b/P:58SQÁ35={QR=;:Kaí+@BED2-7<2=;:K42354260+bDP/2?2+@=�8;N2+x35T;T>D2aO<k8H-0:5/

�
�K}h��ð�Y��kYKYKl

��N2-0TÆ-76060DPT>8H=;3G8H+.Tp8HN2+�QÁ35A~8Æ8HNF3G8Æ8;N2+ pr{%j�x4{ � �K}h��:K= � ��úU���g�h-0/|8HN2+`1K+./2+@=;356EAn35T>+5VG-0TÆ-0a9<h:5=>8s3G/E8



¾p¿ÁÀ!Â$ÃfÄÆÅuÇFÈ{Â$ÃrÉ�ÊCË½ÅuÌ"ÍdÎ�Ë½Å�ÃfÏ%Ð&ÑRÅGÑÁÒKÇFÈ�Ï%Ë"ÓÆÃfÈÔÈÁÑÔÕÆÖ À��½×
QR:K=�:KDP=�<2=;+.?2-0A~8H-0:5/2T@l

��N2+yTH35a9+y35<2<26JL]iSN2+./�An3G60A@DP6z3G8;-0/21_8;N2+S<h:KTU8H+.=;-0:5=�?2-0TU8H=;-742DP8;-0:K/
�
� Ê ��Í�b�Ê6b��M�~lF�F:K=`3|1K-7I5+@/

/ED2aC4�+@=C:GQSN2-0?2?P+@/�D2/2-J8HT.V#8HN2+q<P=;+@?P-0A.8;-0:K/PTC:5Qy3!a9:k?P+@6,TU8H-7606`?2+@<�+@/P?2T�aO:K=>+�:K=X60+.T;TCTU8H=;:5/21K67L
:K/�8HN2+X<2=;-7:K=S?2-0TU8H=;-742DP8;-0:K/�:5Q#8;N2+Xie+@-71KNr8HT@ly��/g<2=;35A.8;-0A.+5V½8HN2+X?2-0TU8H=;-742DP8;-0:K/�-0Tc35T;T>D2a9+@?!8;:q4h+X3� 35D2T;T>-z35/�VPiSN2:KT>+x<235=H35a9+.8;+@=>Tc3G=;+b¼P}k+@?�4rL�3�T>+@+.?plj é$Ã�sAÁK{0w�joz�joz�»¤pr{@x/|@s@l@l�F:K=x8;N2-0Tx=;+@35T;:5/pV&8;N2+O8;=H35-7/2-0/21�<2=>:kA.+@T;TX-0/rIK:567IK+.TC-0/^QÁ35A~8]8HNP+O8H=;35-0/P-0/21v:5QS3�6z35=>1K+9/fDPaC4h+.=
:5Q»a9:k?2+.60T�iS-78HNw?P-7�h+@=;+./r8S/fDPaC4h+.=;TS:5Q»N2-7?2?2+@/wDP/2-78;Tx�R8�Lf<2-0A@35606JL�Y_8H:¢�:ÈK��V235/2?v?2-J��+.=;+./E8S<P=;-0:5=;T@V
8HN23G8S-0T�?2-J��+.=;+./E8yT>+@+@?PTC��8�Lk<P-0An3G6067L[ÈK��l

��N2+@T>+daO:f?2+.60Tc35=;+x8HN2+./M=H35/2ºG+@?^35A.A@:K=>?2-0/P1O8H:�N2:[i	8;N2+.L$<�+@=>QR:5=;a :K/gD2/PT;+@+./^?F3G8s3kl_�$:5T>8
:5Q»8HN2+b8;-0a9+5V23dA.:KaC42-7/F3G8H-7:K/w:5Q»8HN2+|4�+@TU8ca9:f?2+@67T{<h+.=>QR:K=>aOT�4�+.8>8H+.=S8;NF35/$3dT;-0/P1K60+ba9:k?P+@6Wljoj ò�x4n�n�joÁKÁ(s@sAnUxQû�s"q

�&:!?2+.8;+@=;a9-0/P+O8HNP+�:K<P8;-0aCDPa /fDPaC4h+.=]:5QSa9:f?2+@67Tx8;:gD2T;+�-0/�3$A@:Ka9aO-J8;8;+@+5VÆ8HNP+�A@:5aC42-0/P+@?
<2=>+@?2-7A.8H-7:K/�+.=;=;:5=d-0TCA@3560A.D26z3G8;+@?�QR:K=C35/¹-0/2A.=;+n3GT;-0/P1K67L�6z35=>1K+�/ED2a]4h+.=9:GQca9:f?2+@67T@l%�$:KT>8�:GQc8;N2+
8H-7aO+GVF8HN2-7ToA@:5aC42-0/P+@?M+@=>=;:K=c<2=;+.T;+./E8;T|3�a9-0/2-7aCD2a¯iSN2-7AsNMA@:K=>=;+@T><h:5/2?2To8;:�8HN2+]:K<P8H-7aCD2a /ED2adj
4�+@=d:5Qya9:k?2+.60T]8;:^4h+vD2T>+@?��ÁT;+.+w¼F1KD2=>+$òkl � ��l%��N2+vA.:KaOa9-78>8H+.+q<2=;+.?2-0A~8H-7:K/�-0TC8;N2+v3nIK+@=;351K+v:5Q

0.45

0.5

0.55

0.6

0.65

0 5 10 15 20

C
om

bi
ne

d 
te

st
 e

rr
or

ü

Number of models in committee

(d)

��-01KDP=;+vòPl � �·	F&¢��N/�"LEM��?�P!%�8

���'>@�%��,.�@

,�!"&X!%�F
����71(!�L6R�,�&��0��

���)
�������!"�3#�����&
����H& 5�L6R�����!"�2LE!/�/���¥,�&P

���<1(!�LEL3,?
K
����<,.�*,?&41��
���"�
�0�¥9~ýo&-

��,.��10�"�
�"IQ

���H!�M/

,�L65�L& 5�L�RB�0��!%�~LE! �����J,.�*��!"5�&B��
�!�RB�<¶
8HNP+q<2=;+.?2-0A~8H-7:K/2T]:GQy8;N2+qa9:k?P+@60TXA@:K/PT>8H-J8HDP8;-0/21$8HN2+wA.:KaOa9-78>8H+.+5V&iSNP-060+98HN2+w+.=;=>:K=]-7TCAn3567A@D2603G8H+.?



¾p¿¬Öªþ,ÅuÇFÓ»ÑRÉ[ÑÁË�ÕÆÇFÈ�ÃfÏ%Ð&ÑRÅGÑÁÒKÇFÈ�Ï%ÃrÉ�ÿÆË"Ó�Î�Ë½ÅwÒKÅuÃEÃEÐ�Í.É[ÅuÃfÕ»ÖFÉ�ÿ�Ð&ÅuÃfÓ&ÑÁÒ5ÉuÑRË�Õ&Í À��D�
35A.A@:K=>?2-0/21d8;:2� �

ì ð Y� ñ � ì ^ � aß Õ ð Y� ñ � ß ^ � aà Õ õ Y� ñ � Ð ì ^ � arÓ
�
ì Ô/Õ �ÁòPl��5�

iSN2+.=;+���-7T�8;N2+y/fDPaC4h+.=,:5Q�/2+.8�ie:K=>ºfT,-0/O8;N2+yA@:Ka9aO-J8;8;+@+5VE3G/2?pVf-0/�8HN2-7Te<F3G=>8H-7A@D26035=�An3GT;+5V2ß!-7T�8;N2+
T>8H35/2?F3G=;?M?2+~Ik-03G8H-7:K/plb�y:58H+X8HNF3G8oi,+d/2:[i	A@:5/2T;-7?2+@=o8;N2+d<2=>+@?2-7A.8H-7:K/2TyQR:K=b3�1K-JIK+./pVpT;-7/21K67+]T;+~8b:5Q
-0/P<2DP8HTo35/2?!8;NF3G8c8HN2+C+�}k<h:K/P+@/r89�
óÁ�S=;+.QR+.=;To8;:�8HNP+CaO:f?2+.6»DPT;+@?M8;:q<2=;:f?2D2A.+X8;N2+CA@:5=;=;+.T;<�:K/2?2-7/21
<2=>+@?2-7A.8H-7:K/dì�^ � a�l#��/O<P=H35A~8H-0A.+5Vf35/�-0/PA@=;+@35T;-7/21|/ED2aC4�+@=`:5Qh/2+.8�ie:K=;ºET,35=;+�-7/2A@67D2?2+@?9-0/�3|A@:5aOa9-78>8H+@+
35/2?^8HNP+@-0=|<�+@=UQR:K=;aO35/2A.+@Tx35=;+�A.:KaO<235=;+.?�:K/^8HNP+98;+@T>8;-0/21�T;+~8nlq�$:KT>8X:5Q�8;+@/pV"8HNP+O+.=;=;:5=x-7T|aO-7/2-Jj
aCD2a¯iSNP+@/g8HNP+XA.:KaOa9-78>8H+.+xA.:K/r8s35-7/2Toa9:K=>+|8;NF35/g:5/2+Xa9:f?2+@6Ôl���N2+]T>+@60+.A.8;+@?Ma9:k?2+.60Ty35=>+x8;N2+@/
=;+~8H=;35-0/2+.?v:K/w8HN2+bQRD2676p?F3G8H354F35T>+5l

�v �� ��¦�§C¶M³.©#³@«9·g§C¨�£b± ²M³@¦�³@´y§]¨�± £o©
	g«v¶ ®K«9¦¤´y¦�£_£b² ­&©#¦`£_·g¸�©
	
²M¦`£_¶M³n´S©#³@«9·M­

��N2+!/P+@+@?�QR:K=OBEDF3G/E8;-78H3G8H-JIK+�<2=;+.?2-0A~8H-0:5/2TO:GQ_8HN2+$A@=>+@+@<�T>8H=>+@/21G8HNpV�:K=�8HNP+!=;DP<P8HD2=>+!67-7QR+5V�:5Q
35D2TU8H+./2-78;-0A_TU8s35-7/260+.T;TST>8;+@+@67TSNF35TS60+.?v8;:d8HN2+|D2T>+X:5Q&a9:K=;+b:K=�67+@T>TyA.:Ka9<260+�}w=;+.1K=;+.T;T>-0:K/�aO+~8HN2:f?2T.l�F:K=,+�}23GaO<267+5Vf8HN2+b-7/P�FD2+./2A@+b:5Q»T>:KaO+_356067:uLf-7/21X+.60+.aO+./E8;T�NF35T{4�+@+./vT>8HDP?2-0+.?�Ä � Å�D2T;-7/21d60-7/2+n35=
=;+.1K=;+.T;T>-0:K/pVkT;D2AsN�35Te+@BEDF3G8;-0:K/qòPl��X:K={òPl òPVfiSN2-0AsNw+.T>8H-7a�3t8H+S8HN2+CYnZ�
SNqA@=>+@+.<�=>D2<P8;D2=;+_TU8H=>+@T;TS3GT{3
QRD2/2A~8H-7:K/v:5Q&8;N2+|A@:Ka9<�:KT;-J8H-0:5/q-0/wi�8��qV2QR:K=�mc�U�k�{�kY � 35/2?$�KZ�º�=;+.T;<�+@A.8;-7I5+@67L5l

ß���� ¹ ÷���� ð Y��5�S÷��Sõ����Bºr�F�Á*��põ�ò � Y:÷JYE�Ô�o�"õ YKY º¥È2�W�2� Ó �2÷.ÈP��i,=s� �ÁòPl��K�ß���� ¹ ÷���� ð òKZS÷��PY�õ Y5Y�È2�W��:E�"õ¯ºrò��S÷.ÈP�R��� �ÁòPl òK�
��N2+C�c�y�U� �Ô�c3G8H-7:K/F356Æ�S+@T>+n35=>AsNg��/2T>8;-78;DP8H+|QR:K=o�$+.8H3560T.V*hK3G<F35/½��D2T;+.Tc8;=H35?2-J8H-7:K/F356pa9+.8;N2:f?2T

8H:c¼28#8HNP+{A@=>+@+@<�A.D2=>I5+@T`:5Q�+n35AsNdTU8H+.+@62TU8HD2?2-7+@?pl���Lf<2-7An356767LKVK3c8H-7aO+�j�8H+.aO<�+@=;3G8HDP=;+�<F35=H3GaO+~8H+@=�T;D2AsN
35T�8HN2+_:5/2+o1K-JIK+./w-0/�+.BEDF3G8H-7:K/vòPlJY[ZPVf-0T�¼28;8;+@?w4rLq3X<h:K6JLf/2:Ka9-z356F:5QÆ67:K1½�)ßÆ�o�R+@BEDF3G8;-0:K/wòkl7YKY[�~Vk35/2?
356760:[i|VkQR:K=S3d1K-JIK+./$A.:KaO<�:KT>-78H-7:K/pVf+~}f8H=;35<�:K6z3G8;-0:K/q8;:�?2-7�h+@=>+@/r8yT>8H=>+@T>T;+@To35/2?w8H+.aO<�+@=;3G8HDP=;+@T.l�

ð 60:51½� Ò�� � Ó 60:K1½� Ò�� �� Ó � � �Ôòkl7Y[ZK��
ð  s÷#õ! ¹ 67:K1½�Kß"�"õ" Õ �Á67:K1½�Kß"�;� Õ õ$#%#%#[õ"&@ë �Ôòkl7YKY[�



¾p¿¬Ü('dÄ»ÑÔÈÁÓ&ÑÁÕÆÖ(Ç�ÓÆÇPÉ[Ç*)»ÇFÍ@Ã À��,+
iSN2+.=;+ Ò�� -7T`8;N2+S8H-0a9+{8H:X=;D2<k8HD2=>+5V-�µ8HN2+S8H+.T>8e8H+@a9<�+@=H3t8HD2=>+5V Ò�� 35/2?.� � 35?4d>DPT>8s3G4260+S<F35=;35a9+.8H+.=;T.V Hëh8;N2+yA@:f+.�9A@-7+@/r8HTe:5Q�8;N2+c<�:K6JLk/P:KaO-035623G/2?/&@ë�35/9+@=;=>:K=`8H+@=>a$l&moT�An35/O4h+yT;+.+@/q-7/98;N2+y?F3G8s3GT;N2+.+.8
�o�S�U� ���K*oV28;N2+@T>+]<F35=;35a9+.8H+.=;T�IG35=>LqT;-015/2-7¼FA@35/r8H6JLq+.I5+@/g4�+.8�ie+@+./g?2-J��+.=;+@/r8cN2+n3t8HTy:5Q�8;N2+|TH35a9+
1K=;35?2+9�Á-7/w8HN2-7T�An35T>+C�10o���Bº-�5�XV235/^Y%�¥i,=UjHY��5�y-Jjæ�y4qi�8��íTU8s35-7/260+.T;T�TU8H+@+.6���l

��N2+y60-0a9-78H3G8H-7:K/2T»:5QpT>D2AsNqa9+.8;N2:k?PTe3G=;+y:K4rIk-7:KD2T.�&8HNP+cA.:KaO<�:KT>-78H-7:K/d=H3G/21K+S-0T`60-7aO-J8H+.?C8H:|I53G=;-Jj
3G8;-0:K/diS-78;N2-0/�3X1K=;35?2+y:5QÆ35DPT>8H+./2-78;-0AST>8H35-0/P60+@T>TeTU8H+.+@6WVf:K=�60+.T;T@l`�y:K/kj�60-0/P+n35=�+~��+.A.8HT,:K=e-7/r8H+@=;35A.8;-0:K/PT
An3G/�/P:58S4h+b-7?2+@/r8;-7¼F+.?!35/P?�+�}f8H=H3G<h:K603G8H-7:K/2T,35=;+|aO35?2+oiS-J8HN2:KDk8y35/rLw-0/2?P-0An3t8H-0:5/2T{35T�8;:�iSNP+.8HNP+@=
8HNP+.L�35=;+_T;3GQR+o:5={/2:58@l��c:[ie+.IK+.=@VF8HNP+.L�35=;+_+@35T>L98H:]-0a9<260+.aO+./E8,35/2?q8;:C<2D24P60-0T>NpVfA@:K/2T>-0TU8H-0/P1C:5Q»3
aO3t}k-0aCD2a :5QeY[Zd<F35=;35aO+~8H+.=;T@l

�_/!8HN2+]:58HN2+.=_NF35/P?pVp/2+.D2=H356&/2+.8�ie:K=>º!a9:k?2+.60Ty=;+.BfDP-0=;+]T;D242TU8s35/r8;-z356&A@:Ka9<2DP8H3G8H-7:K/F356Æ<�:uie+@=.V
35/2?(<2=>-0/r8H-7/21w8HN2+9T;+~8]:5Qei,+.-01KNr8;TXaO35ºE-0/21vD2<%3�T>-0/21560+d/2+~8�i,:K=>º^-0T|/2:58xQR+n35T>-04267+5l9��N2+@T>+�67-0a9-Jj
8s3t8H-0:5/2T@Vt8HN2:KDP1KNpVr35=>+,?2-7TH35<P<h+@35=;-7/21b35T&-78#-7T�/2:[i�<�:KT;T>-04267+e8H:o<2D24267-0T;NX8HN2+{T>:5Q�8�i,35=;+�:K/X8HN2+,ie:K=>60?
iS-0?P+�i,+.4pVK3GTp-78"N235T"4h+.+@/x?2:K/2+#iS-J8HN|35676G8;N2+�aO:f?2+.60Tp?2+.T;A.=;-04�+@?|N2+.=;+c� Æ<Æ<Æ32tn§l"n.2K|�w�n.2ow�|42tÀ¥Ç65rnXw"p �~l
�v 67 8�¥M³n¨n¶M³n·g¸ § ¶g§X©#§:9g§C­�£
m 6z3G=;1K+c?F3G8s3G4F35T;+ci{35T�A.:Ka9<2-067+@?�QR:K=�8HN2+bA.=;+.+@<v<2=;:5<h+.=>8H-7+@T{:GQ"I53G=;-0:5D2T{1K=;35?2+@T,:5Q&35D2T>8;+@/2-J8H-7A

T>8H35-0/P60+@T>T�TU8H+@+.60T.�(mc�U�k�9�KZ�º��R4F35T>-0A%Y;�¥i,=UjHY��5�c-z�~Vemo�U�k�9�PY � �Ô�KZ�º�õ ��:E�~V�mc�U�k�9�¥�kY¹�Á�KZ�º�õ
��-���Vkmc�U�k����º-�q�Á�KZ�º�õ��c4F�e35/2?waO35/rL9I53G=;-z3G/E8;T,?2+.T;-71K/2+@?qQR:5=,N2+@3G8>j�=;+@T>-0TU8s35/r8S35<P<260-7An3G8;-0:K/2To�RQR:5=
+~}P35a9<267+5Vh�PY � õ)��-WV�ó�T;T;NP+.8H+wY/�:È5ZPVh+.8HAGl ��l_��8bA.:K/r8s35-7/2T_3O8;:58s3G6&:5Q�3G4h:KDk8b�¥È5Z5ZO+@/r8;=;-0+.ToiSN2-7AsNpV
35T�+�}P<P6z35-7/2+@?$354�:uI5+5V½35=>+|+@BEDF356767Lq?P-0T>8;=;-742DP8H+.?v4h+~8�i,+.+@/$8;N2+b8H=;35-0/2-7/21�35/2?v8H+.T>8;-0/21�T;+~8HT.l��-015D2=;+bòkl��]1K-JIK+.Tc3G/�-7?2+n3C:GQ&8;N2+b?2-0TU8H=>-042DP8;-0:K/�:5Q»+n35AsN�-0/2<PDP8y351r35-7/2T>8,8HN2+b67:K1r35=>-78HNPa :GQ&8;N2+
=;DP<P8HD2=>+]67-7QR+5l ��N2+X?F3G8s3GT;+.8_-0/2A.60D2?2+.?g35676Æ:5Q�8HN2+xQR:K6067:[iS-0/219�o�S�U� ?F3t8s35T>N2+@+~8HTd��È5*oV � *oVDºJÈfV���5mXV�Y � *oVF� � *oV`Y ºr*oVÆ3G/2?%a9:KT>8x:5Q,8HN2+9?F3G8H3�<2DP4260-7T;N2+.?%4rL^8HN2+O*,=;-J8H-7T;N��f8H+.+@67a�35ºG+@=>T�i,=;+.+@<i,:Ka9aO-J8;8;+@+�Ä YKY���Å#QR:K=|�KZ�ºPVÆ�PY � VÆ�¥�fYO3G/2?%�Bº-�kl��_/26JLg60-7aO-J8H+.?g?F3G8H3vA.:KD267?(4�+�+~}f8H=;35A.8;+@?^QR=;:Ka
<2D24P60-0A@3G8H-7:K/2TXÄ�ºròPV � YKV`YKYn�PV`YKY º2V�ºJ�kV`YKY/ÈfV_� � V`YKY � VeYKY%�fV�YKY%�kV`YKYnòPV`Y��5ZPV`Y��kYGVeY/�:�fV�Y��5�fVeY��4ºBÅÔl
��N2-7To-0Ty+@T>T;+./E8;-z356767Lv4�+@A@35D2T;+d:GQ�/2:K/gTU8s35/P?F35=;?!<2=;+�j�8H+.T>8ba9+@AsN235/2-0A@356"8H=>+n3G8;aO+./E8;To<�+@=UQR:K=;a9+@?g-7/
:K=>?2+@={8;:O3GA@A@+.60+.=H3G8;+|8;N2+|+.I5:K60DP8;-0:K/v:5Q»8HNP+xa9-0A.=;:KTU8H=>D2A.8;D2=;+Gl

��N2+{?F3t8s3oT>+.8�-7/2A@67D2?2+@T»8HN2+�QR:K6067:[iS-0/21SIG35=;-0354260+.T@�p8;+@T>8#A@:K/2?P-78H-7:K/2T,�ÁTU8H=;+.T;T`35/P?]8H+.aO<�+@=;3G8HD2=>+[��V
AsN2+.aO-7An356�A.:KaO<�:KT>-78H-7:K/pVpT>:K60Dk8H-0:5/^8;=;+@3G8Ha9+@/r8|8H+.aO<�+@=;3G8HD2=>+935/2?^8H-0a9+��R8;N2+96z3G8>8H+@=b4�+@-7/21�3nI53G-06Jj
354267+d-0/(3qIK+.=>L^60-7aO-J8H+.?g/ED2aC4�+@=|:5Q{A@35T;+.Ts��V&/F3t8HD2=>+9:GQ,8HNP+9BED2+./2AsN%QR:K6760:[iS-0/P12V�1K=;35-0/^T>-t¡@+GV»35/2?
60:51r35=;-J8HN2a :GQ&=>D2<P8;D2=;+b67-7QR+5l���N2+baO-7/2-0a]D2a 35/2?vaO3t}k-0aCD2a IG3567D2+@TS35=>+_1K-JIK+@/v-7/q8s354267+_òPlJYKl`*,+�j



¾p¿¬Ü('dÄ»ÑÔÈÁÓ&ÑÁÕÆÖ(Ç�ÓÆÇPÉ[Ç*)»ÇFÍ@Ã À��½Ø

500

600

700

800

900

1000

1100

-1 0 1 2 3 4 5 6

T
em

pe
ra

tu
re

 / < o C

log (rupture life / h)

0
50

100
150
200
250
300
350
400
450

-1 0 1 2 3 4 5 6

St
re

ss
 / 

M
Pa

log (rupture life / h)

12
13
14
15
16
17
18
19
20
21
22
23

-1 0 1 2 3 4 5 6

C
r 

/ w
t%=

log (rupture life / h)

5

10

15

20

25

30

35

-1 0 1 2 3 4 5 6

N
i /

 w
t%=

log (rupture life / h)

0

0.5

1

1.5

2

2.5

3

-1 0 1 2 3 4 5 6

M
o 

/ w
t%

log (rupture life / h)

0.4
0.6
0.8

1
1.2
1.4
1.6
1.8

2
2.2
2.4
2.6

-1 0 1 2 3 4 5 6

M
n 

/ w
t%

log (rupture life / h)

0

0.2

0.4

0.6

0.8

1

1.2

-1 0 1 2 3 4 5 6

Si
 / 

w
t%=

log (rupture life / h)

0

0.5

1

1.5

2

2.5

3

-1 0 1 2 3 4 5 6

N
b 

/ w
t%

log (rupture life / h)

0.0

1.0

2.0

3.0

4.0

5.0

6.0

-1 0 1 2 3 4 5 6

T
i /

 w
t%

 (
x 

10
0)>

log (rupture life / h)

0.0
1.0
2.0
3.0
4.0
5.0
6.0
7.0
8.0
9.0

-1 0 1 2 3 4 5 6

V
 / 

w
t%

 (
x 

10
0)>

log (rupture life / h)

 0
 5

10
15
20
25
30
35

-1 0 1 2 3 4 5 6

C
 / 

w
t%

 (
x 

10
0)>

log (rupture life / h)

 0
 2
 4
 6
 8
10
12
14
16
18

-1 0 1 2 3 4 5 6

N
 / 

w
t%

 (
x 

10
0)>
log (rupture life / h)

 0
 5
10
15
20
25
30
35

-1 0 1 2 3 4 5 6

C
u 

/ w
t%

 (
x 

10
0)>

log (rupture life / h)

 0
 5
10
15
20
25
30
35
40

-1 0 1 2 3 4 5 6

P 
/ w

t%
 (

x 
10

3 )

log (rupture life / h)

 0

 5

10

15

20

25

30

-1 0 1 2 3 4 5 6

S 
/ w

t%
 (

x 
10

3 )

log (rupture life / h)

 0
 5
10
15
20
25
30
35
40
45
50

-1 0 1 2 3 4 5 6

B
 / 

w
t%

 (
x 

10> 4 )

log (rupture life / h)

0

0.1

0.2

0.3

0.4

0.5

0.6

-1 0 1 2 3 4 5 6

C
o 

/ w
t%

log (rupture life / h)

0

0.1

0.2

0.3

0.4

0.5

0.6

-1 0 1 2 3 4 5 6

A
l /

 w
t%=

log (rupture life / h)

0.0

1.0

2.0

3.0

4.0

5.0

6.0

-1 0 1 2 3 4 5 6

St
ab

ili
sa

tio
n 

R
at

io?
log (rupture life / h)��-015D2=;+]òPl��f�';$���E�/,.�)
��
,�R�5/
�,?!�&¤!"�r

�4�3�/,�@:������&Q
_,�&�M�5�
��<�%�Q�%,�&4�K
F

�4�3��!"�-!%��1��
�0��MC�
5�M�

5����6��,O����9;$��,.��#$���¤!"���
�0M��
���K�0&Q

,�&��P

���P���@
��7�K��!�5��.�u&�!%
6�4,��/��

����MB!Q�
�
,?R4,?��,O
)�§!%��& 5�LE����!"5B�<&�!"&���! 1�5%ALE��&Q
��0�P,?&Q
������"1=
�,?!�&4�09



¾p¿�ñ!BXÅuÃfÃEÐ�ÅtÄÆÐ»ÉuÄÆÅuÃgÈÁÑÁÎWÃ!Ï%ËpÓ»ÃfÈ À��½¾
An3GD2T;+x8HN2+]35601K:5=;-78;N2a�-7/2A@67D2?2+.To35/!35DP8;:Ka�3t8H-0A|=>+@60+~IG35/2A@+x?2+~8H+@A~8H-7:K/�Ä YKY[Z4ÅÔV½I53G=;-z3G4260+.TSiSNP-0AsNM35=>+
+@-J8HN2+.=o=>+@?2D2/P?F35/r8b:K=yQR:KD2/2?!8;:q4�+]-0=>=;+.60+.IG35/r8_35=;+]3G��+.A.8;+@?^3U¡.+@=;:Oi,+.-01KNr8nlo��N2+@=>+d-0TS8HN2+.=;+.QR:5=;+
60-J8;8;60+c8;:�1r35-0/w-7/v=;+@?PD2A@-7/2198;N2+|/ED2aC4�+@=S:5Q&-0/2<2Dk8�I53G=;-z3G4260+.T{4rL�35/rLw:58HNP+@=S<2=;:fA@+.T;T.l
��/P<2DP8SIG35=;-0354260+ �$-0/2-7aCD2a �!3u}P-7aCD2a �$+@35/ �f8;?$?P+.If-z3G8;-0:K/CED�F�GIH�G�J�D�F�FLKNMPORQTS È º:ºK� Y º¥È �:�CED�F�GUCED�VXW*D6J�Q;G�Y-J�DZK\[^]_S È5ZKZ Y[Z:È5Z �K� � �kY`ba%c K\J�YdW-G�Y-J�D `febg DLhXijS jæZPl��5ZKZ Èkl��BºrZ �Pl �¥�Bº ZPl��d�5òi,={i�86� Y��kl òk� �:�fl.�:� Y%�kl Zk� YKl �¥È�y-�i�8�� �Pl?ºKZ �¥�fl?ºd� Y[�kl��¥� ÈklOº-���:�i�86� ZPl Z5Z �kl��¥� YKl Z¥È YKlJY[Z��/�i�86� ZPl.È � �kl�È5Z YKl � � ZPl �¥È�f-�i�8�� ZPl ZBºrZ YKlJY�È5Z ZPl�ÈBºJÈ ZPlJY��kY�y4wi�8�� ZPl Z5ZKZ �kl òk�KZ ZPl��BºJ� ZPlOº:ºrò��-pi�86� ZPl Z5ZKZ ZPl�È � Z ZPlJY[�PY ZPlJY[òKòlái�86� ZPl Z5ZKZ ZPl ZKòKZ ZPl ZKZ�º ZPl ZPYKYi,Dvi�8�� ZPl Z5ZKZ ZPl �PY[Z ZPl Z¥ÈkY ZPl Zd�Bº��i�86� ZPl Z5ZKZ ZPlJY��5Z ZPl Z¥�5ò ZPl Z¥È:�i�i�8�� ZPl ZkY�� ZPl �K�KZ ZPl Z � � ZPl Z¥�:È*µi�86� ZPl Z5ZKZ ZPl ZKZ¥È ZPl ZKZPY ZPl ZKZPY �Û¹i�8�� ZPl Z5ZKZ ZPl ZK�k� ZPl Z¥�kY ZPl ZKZ � ���i�86� ZPl Z5ZKZ ZPl ZK�KZ ZPl ZPY�� ZPl ZKZd�fYi,:di�86� ZPl Z5ZKZ ZPl�ÈBºrZ ZPl ZK�d� ZPlJY[ZKò5Zmc6�i�8�� ZPl Z5ZKZ ZPl�È:�5Z ZPl Z¥�5ò ZPl Zk�KZBºH a�` YdG eba�m G�J�D�Q;G�VZD m GUG�D�VXW*D6J�Q;G�YdJ�DnK\[^]_S Y[ZKZKZ Y[�:È5Z YKYnZ¥� ÈkY

�&354260+|òkl7YK�`��N2+|?2-J��+.=;+./E8y-7/2<2DP8;T�-0/w8HN2+|?F3t8s3�T;+.8@l
i,:Ka9<h:KT>-78;-0:K/F3G6t?23G8s3{ie+@=;+`:5Q�8;+@/|a9-0T;T>-0/21Pl»��/|T>D2AsNXA.-0=>A@D2a9T>8H35/2A@+.T@Vt+@67+@a9+@/r8HT"D2T>DF356767L_ºE/2:[iS/

8H:]4h+_?P+@60-74h+.=H3G8;+_35?P?2-78;-0:K/2T�i,+.=;+bT>+.8{8;:�¡@+@=>:CiSN2-067+o-7aO<2DP=;-78;-0+.T�ie+@=>+bT;+.8,8H:C8HNP+b3nIK+@=;351K+b:5QÆ8;N2+
3nIG35-060354260+c?F3G8H3!�R+5l 12l,<2NP:KT;<2NP:K=;D2To35/2?�T;D267<2NED2=s��l{��N2+.=;+x-0TSD2/2?2:5D24P8H+.?267L�3�=;+.1K=;+~8;8H354260+|67:KT;TS:5Q
-0/kQR:K=;aO3G8H-7:K/!iSN2+./%8HNP+�35a9:KD2/r8;Tx:GQ�+@67+@a9+@/r8HTxT;D2AsN�35TC��:$:K=X�c4�<2=;+.T;+./E8C35Tx-0a9<2D2=;-J8H-7+@Tb35=>+
/2:58S15-7IK+./pV½35T�8HNP+@=;+|-7T�+.If-0?2+./2A@+|8HN23G8�8HN2+.T;+x+@67+@a9+@/r8HTSNF3nIK+X35/v-0/k�FD2+@/PA@+UÄ � ÅÔl
�v �o p�¦�£_£b² ¦`¥M²!©�¥M¦�£ ¨n³@®K£ ± «v¶g£_¨
��8o-7TcDPT;DF356»8H:�3G8;8;+@a9<P8c8;:�<2=>+@?2-7A.8y8HN2+X=;D2<k8HD2=>+CT>8;=;+@/P158HN!QR:5=o391K-7I5+@/g67-7QR+b8H-7aO+GlS�c:[i,+~IK+.=@V

8HNP+_A@=>+@+@<vTU8H=;+.T;T�-7T,:K/26JL9<2=;+.T;+@/r8c35T�3x¼F/2-78;+_/ED2aC4�+@={:GQÆ?2-0T>A@=;+~8H+_IG3567D2+@T�iSN2-067+c8HNP+_=;D2<k8HD2=>+b60-7QR+
-0T�a]D2AsN$a9:K=>+bA@:K/r8H-7/ED2:KD2T>67LwT><2=;+@35?pV½35/2?v8HNP+@=;+~QR:K=;+|T>+@+@a9+@?$3�aO:K=>+|35<2<2=>:K<2=>-z3G8;+o8s35=>1K+.8@l

��N2+@/�8;=H35-7/2-0/21$3ga9:k?2+.6WV»8HN2+qAsNP:K-0A.+q:5Qy-0/2<PDP8]IG35=>-z354267+@TX-0T]:GQS1K=;+@3G8d-0a9<�:K=>8H35/2A@+Gl!mc60T;:PV
iSN2+./�3%A@:5aC42-0/23G8H-7:K/¹:5Qb8HN2+.T;+!IG35=>-z354P60+@T�-7TO4�+@67-0+.I5+@?�8;:%4�+!:5Q_<F35=>8;-0A.D26z35=�-7aO<�:K=>8H35/2A.+5V,8;N2+



¾p¿�ñ!BXÅuÃfÃEÐ�ÅtÄÆÐ»ÉuÄÆÅuÃgÈÁÑÁÎWÃ!Ï%ËpÓ»ÃfÈ À1+S�
a9:k?2+.6`An35/�4�+q-7aO<2=>:[IK+@?%4EL%35?2?P-0/21�8HN2+OA@:KaC4P-0/F3G8;-0:K/�35Td3G/�+~}k<267-0A@-J8|I53G=;-z3G4260+Gl$��N2+�aO:f?2+@6
i,35Tx8;=H35-7/2+@?�:K/^8HN2+O60:K1r3G=;-78;N2a :5Q{8HNP+O=>D2<P8HDP=;+�67-7QR+d=;3G8HN2+.=x8;NF35/(8HN2+9=;D2<k8HD2=>+O67-7QR+�-78;T;+@6JQæV»35/2?
8HNP+xA@3560A.D26z3t8H+@?wTU8s354P-060-7TH3G8;-0:K/�=H3G8;-0:Ci,35TSD2T;+.?pV�35TS1K-7I5+@/�4h+.60:[i|�

�f8H3542-760-0T;3G8H-7:K/w�y3G8H-7:xð �y4D���yõ���-î�Bºi%õ�� �Ôòkl7Y��5�
iSN2+.=;+O8;N2+9A@:K/2A.+@/r8H=;3G8H-7:K/2TX35=;+9-0/(i,+.-01KNr8q�qlw��N2-0Tx-0T|4�+@An3GD2T;+O<2=;+.A@-0<P-78s3t8H-0:5/(:GQS�sr �RiSN2+.=;+
� -7To+@-J8HN2+.=_�y4g:K=o��-�35/2?tr�+@-J8HN2+.=7i :K=_�o�y-7To4�+@60-7+.I5+@?!8;:q4h+X:5Q`<F35=U8H-7A@D26035=c-7aO<�:K=U8s35/2A.+b8H:
8HNP+oA@=>+@+.<w4h+.NF3nIk-7:KD2=�:5Q»35D2TU8H+./2-78;-0AyT>8s3G-0/267+@T;T�T>8;+@+.60T@V235TeiS-7606F4�+o?2-7T;A@DPT;T;+.?v-0/�a9:K=>+c?2+~8s35-76½6z3G8;+@=@l
�»:d3nIK:K-7?�42-035T;-7/21X8;N2+_a9:k?2+.6WVr8HNP+o-0/P?2-7If-0?PDF3562IG35=;-0354267+@T�a�35ºE-7/21]D2<O8HN2+_TU8s354P-060-7TH3G8;-0:K/d=;3G8H-7:C35=>+
3567T;:]-7/2A@67D2?2+.?pVPT>:C8HNF3G8{3C?2-0=>+@A~8{-0/k�FD2+@/PA@+b:5Q»35/rLO:5Q"8HNP+@a�A@35/v3567T;:]4�+_?2+~8H+.A.8H+.?pl,�_8;N2+@=e-0/2<PDP8
IG35=;-0354267+@T�35=>+|35TS1K-7I5+@/�-0/w8s3G4260+|òPlJY5l

*,+@A@35D2T>+OT>:KaO+d-7/2<2DP8;T_i,+.=;+9/2:58x356Ji{3nLfT|1K-7I5+@/��R8;N2+�T;:K67DP8H-7:K/g8H=>+n3G8;aO+./r8b8H+@a9<�+@=H3t8HD2=>+�QR:5=
+~}P35a9<267+[�~V2354h:5DP8|Y[ZKZKZd3GaO:K/P1KT>8�8;N2+x�¥È5ZKZd+@/r8;=;-0+.TS:5Q&8;N2+|?F3G8H354F35T>+xA.:KD267?�/P:58y4h+bD2T>+@?pl

mo4�:KDP8�Y[�KZ$/P+.8�ie:K=;ºETCie+@=;+O8H=H3G-0/2+.?%iS-78;N%D2<%8;: �:�vN2-0?2?P+@/�D2/2-J8HTX35/2? � ?2-7�h+@=>+@/r8CT>+@+@?PT@l
moT�+�}k<h+.A.8H+.?pVF8HN2+b<�+@=>A@+.-7IK+.?$67+.I5+@6":5Q»/2:K-7T;+b?2DP=;-0/P1C8H=H3G-0/2-7/21C?2+.A@=;+@35T;+.To3GT{8HN2+ba9:k?P+@6p4�+@A.:KaO+.T
a9:K=;+_A.:Ka9<260+�}�l���NP+X=>+@T;DP678HTS:5Q»8HNP+|8;=H35-7/2-0/P1�35=;+bT>N2:[iS/!-0/w¼F15D2=;+xòPl��Pl

��N2+]<PD2=;<�:KT;+C35/2?!a9+.8;N2:f?$QR:K=y42D2-760?2-7/21�39A@:Ka9a9-78;8;+@+|a9:k?2+.6ÆNF35To4�+@+./g?2-7T;A@DPT;T;+.?M+n35=>60-7+@=@l
��/�8HN2-7T�A@35T;+GV_8HN2+(:K<P8;-0aCDPa A@:5aOa9-78>8H+@+$i{35T�QR:KD2/2?�8H:�NF3nIK+�º�aO+.aC4h+.=;T.l���N2+(<h+.=;A.+@-7I5+@?
T;-71K/2-J¼FAn35/PA@+@T�ß*uMQR:K={8;N2+@T>+xQR:5D2=SaO:f?2+@67TS35=;+|T>N2:[iS/!-0/w¼F15D2=;+XòPl òPl`��N2+.Lv=>+@<2=>+@T;+./r8o8HNP+X+�}k8;+@/r8
8H:(iSN2-0AsNµ3%<F35=U8H-0A.D26z3G=9-7/2<2DP8�+~}k<26035-0/2T�8HNP+$IG35=;-03G8H-7:K/�:5Q_8HNP+!:KDP8;<2DP8@Vy=;3G8HNP+@=�67-0ºG+!3(<F35=>8;-z356
A@:5=;=;+.6z3G8;-0:K/�A@:f+.�9A@-7+@/r8o-7/v39a]D2678;-0<267+o60-7/2+n3G={=;+.1K=;+.T;T;-7:K/$35/F356JLkT>-0T.l

��N2+b<2=>+@?2-7A.8H-7:K/2T�:5QÆ8;N2+_¼F/F356�A@:Ka9aO-J8;8;+@+oa9:f?2+@6#�R¼F1KDP=;+bòPlJY[Zr��A@:K/r8s3G-0/�3]IK+.=>LqQR+~i�:KDk8H60-7+@=>T
A@:5/2T;-7?2+@=>-0/21o8;NF3G8�8;N2+@=>+�-0T�3o8;:58s356k:5Qh354�:KDP86�5Z5ZKZ_<h:5-0/r8HT.l���N2+�-7aO<2=>:[IK+@a9+@/r8�-7T#A@67+n35=�A@:Ka9<F35=>+@?
iS-78;Nw8HN2+|4�+@T>8ya9:k?P+@6"3567:K/2+Gl



¾p¿�ñ!BXÅuÃfÃEÐ�ÅtÄÆÐ»ÉuÄÆÅuÃgÈÁÑÁÎWÃ!Ï%ËpÓ»ÃfÈ À1+�À

0

0.02

0.04

0.06

0.08

0.1

0 5 10 15 20 25

σv ν

Number of hidden units

(a)

   0

   1

   2

   3

   4

   5

0 5 10 15 20 25

T
es

t e
rr

or

Number of hidden units

(b)

750

1000

1250

1500

1750

2000

2250

0 5 10 15 20 25

lo
g 

pr
ed

ic
tiv

e 
er

ro
r

w

Number of hidden units

(c)

0.45

0.5

0.55

0.6

0.65

0 5 10 15 20

C
om

bi
ne

d 
te

st
 e

rr
or

x

Number of models in committee

(d)

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

-0.6 -0.4 -0.2 0 0.2 0.4 0.6

Pr
ed

ic
te

d 
lo

g(
R

.L
. /

 h
)

y

Measured log(R.L. / h)

(e)

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

-0.6 -0.4 -0.2 0 0.2 0.4 0.6

Pr
ed

ic
te

d 
lo

g(
R

.L
. /

 h
)

y

Measured log(R.L. / h)

(f)

��-71KD2=;+�òkl��P�A;$����M�����1(��,�>"���¤����>�����!"��&�!�,��
�{z�|§«¾�Q±=IJ
����E

���)
��0�
��!"�E«�R�±=I2

���E��!"�'M����0�/,.1=
�,?>��3�0�
��!"�E«¾1�±_!%�*

���LE!/�/���.�r#�,?

�P,�&41(���0���K,�&���& 5�L�RB�0����!%���4,�������&�54&�,O
���I 
����H1(!"L�R�,�&��0��

�0�K
$�����
!��8«¾�B±���!��$�"&�,�&41(���0���K,�&��6& 5�L�RB�0��!"�LE!/�/���.�S,?&�1(!�LEL3,?
K
�����I"�%&4�6

�4�*M����
��!"��L��%&41��0�S!%�B

���$R��0�K
D�K,�&��"���$LE! �����/!"&3�K�0��&'«¼
����",?&�,�&��H�K��
0I�«���±
±S�%&4��5�&4�
���0&���%
��7«¼
��0�K

,�&����
�(
�«���±K±(9�«���±��%&4��«���±��"�
�<M4�?!"
���!"�~

����M4�
���/,�1(

���'�
5�M�

5����<�?,?����«~}<9 �r9 ±F�%�Q�%,�&4�)
$
����6��N M�����,�L3�0&Q
��%�>@�%��5��0�0I/,�&-
���,.��1����K�_RB!"

�7�%���H&�!"��L��%��,��
�0�J9



¾p¿�ñ!BXÅuÃfÃEÐ�ÅtÄÆÐ»ÉuÄÆÅuÃgÈÁÑÁÎWÃ!Ï%ËpÓ»ÃfÈ À1+~Ö

��-015D2=;+�òPl òk�U;$���-MB�0��1���,�>"�0���
,��"&�,?GB1��"&41(���3z�����!��6
����-G4���K
���!�5���&4�(
)#*!"��+ �0I~1(!"&B�)
�,O
�5/

,�&��C

���1�!"LELE,O



���<LE!/�/�0�:��!"�$

�4��1(������MP��5�M/

54�
�<��,O����9E�:9 
09r�K
��"&4���*��!"���
!"��5/
�,?!�&�
��
���@

LE�0&�
�9

 -1

  0

  1

  2

  3

  4

  5

  6

-1 0 1 2 3 4 5 6

Pr
ed

ic
te

d 
lo

g(
R

.L
. /

 h
)

y

Measured log(R.L. / h)

(a)

0

100

200

300

400

0 100 200 300 400

Pr
ed

ic
te

d 
ru

pt
ur

e 
st

re
ss

 / 
M

Pa

�

Measured rupture stress / MPa

(b)

��-015D2=;+XòPlJY[ZP��;$�4�6M����
��!"��LE�"&41(����!"��

����G4&4�"�S1�!"LELE,O



���3LE!/�/���S!"&7
����3#���!"�������%
��"R4�"�
�"I4��!"�
����<�
54M/

5����H�?,?���<LE!/�/���r«¬��±$�"&4��
�����1(�����0MP�K

����&4�%

�PLE!/�/���r«¾RB±=9



¾p¿7×�BXÅuÃfÃEÐ�Í.ÉnÅtÃfÕÆÖFÉ�ÿµÏ%Ë"ÓÆÃfÈ À1+~Ü
�v �� p�¦�£_£b² ­&©#¦`£_·g¸�©
	 ± «v¶g£_¨
��N2+CA.=;+@+.<MT>8;=;+@/P158HNga9:f?2+@6Æi{3GT_42D2-7678y+@T>T;+@/r8;-z356767Lw8H:OQÁ35A@-760-78H3G8H+bBEDF3G/E8;-78H3G8H-JIK+]A.:Ka9<F35=;-7T;:K/PT

iS-78;NO67-78;+@=H3t8HD2=>+5l���/�8HNP-0T�An35T>+5VE8HN2+S8s35=>1K+.8`i,35Te8;N2+yT>8H=>+@T>T{35/2?98HN2+y60-JQR+{8H-7aO+{i,35T{3G/O-7/2<2DP8@l#��N2+
T;:560DP8;-0:K/q8;=;+n3t8Ha9+@/r8�8H+.aO<�+@=;3G8HD2=>+bi{35TS/2:G8c-7/2A@67D2?2+.?v8;:9356067:ui D2T>+X:GQ&8;N2+|+@/r8H-7=;+b?F3G8H354F35T>+5l

��8xT;+@+.aOTx:5Q,60-78>8H67+C-0/r8H+.=;+.T>8x8H:v=;+.<2=;:f?2D2A.+�N2+.=;+O35606�8;N2+9=;+@T>D2678;TbQR=;:Kaÿ8;N2+�8H=H3G-0/2-7/21wT;D2AsN�35T
8H+.T>8o+@=;=>:K=y:K=PÚ�Û`ó�35T_3�QRD2/2A~8H-0:5/!:5Q�/ED2a]4h+.=o:5Q�NP-0?2?2+./!D2/P-78HTo35TS8HN2+.-0=y+.IK:560DP8;-0:K/�i{35TcT;-7aO-76z35=
8H:q8;NF3G8|:K4PT;+@=UIK+.?�QR:K=o8;N2+dA@=>+@+.<�=>D2<P8HDP=;+�60-JQR+]a9:k?2+.6Wl|��/^8HN2-7T_An35T>+5V"8HNP+d:K<P8H-7aCD2a /ED2aC4�+@=b:5Q
a9:k?2+.60Te-0/wA@:5aOa9-78>8H+@+yi{3GTSQR:5D2/2?w8H:�4�+dY��kl#��N2+|<�+@=UQR:K=;aO35/2A.+b:5QÆ8HN2+bA.:KaOa9-78>8H+.+o-0T�T>N2:[iS/$-7/
¼F1KDP=;+xòPlJY[ZPl

�v 6� � ²M²M¨n³@´y§x©�³@«9·M­
Ù�Ú���ÚÁÜ ú é,å��cù§ebß»ãyçbü âUã����1�����_�_��Ü`ã'e��$�1���"��Û
�
��N2+x?2-7�h+@=>+@/2A.+X4�+.8�ie+@+./Mmo�U�k�{15=H35?2+.To�5Z�º935/2?g�kY � =;+@T>-0?2+.To+.T;T;+./r8H-z3G6067L�-0/v8HN2+X35?2?P-78H-7:K/w:5Q

354�:KDP87�Ci�86� :GQ`aO:K6JLf4h?2+./ED2a$lo��N2+CAsN2=>:KaO-7D2a 35/2?M/2-7Asº5+.6#A@:K/PA@+@/r8;=H3G8;-0:K/2T_35=;+XT;aO356067+@=c35/2?
6z3G=;1K+.=@V�=>+@T><h+.A.8H-JIK+.67LKV#QR:5=]mo�U�f�X�kY � A@:5aO<F3G=;+@?�8H:gmc�U�k�x�KZ�º2lM�SD2<P8;D2=;+�T>8H=>+@T>T;+@TdQR:K=9Y[Z�
�N�3G8
� È5Z��%i 35=;+b=>+@T><h+.A.8H-JIK+.67L�35=>:KD2/2?��KZ9�³Û�3935/2?(YKY[Z9�³Û&3³Ä Y��:È/ÅWl

��N2+@=>+d35=>+X/2:�T;<�+@A@-J¼FAn3t8H-0:5/2T_35TS8H:OiSNF3G8o8;N2+]aO3t}k-0a]D2a¯60+~IK+.6&:5Q`a9:K6JLk4�?2+./fDPa�T;N2:KDP60?g4�+
QR:K={8;N2+|mo�U�k�,�KZ�º�T>8;+@+@67T@l`��8y-0T�A.:KaOa9:K/q8;:�¼2/2?$DP<�8;:�ZPl�È]i�8��¯��:O-7/q8HN2+.T;+xT>8H+.+@67T@l��½:5={mo�U�k�
�PY � Vh3G/g35?2?P-78H-7:K/�:5Q6�uj���i�86� �$:O-0TyT;<�+@A.-7¼F+.?plc��8oNF35Tc4h+.+@/gT>N2:[iS/g8HNF3G8ca9:K67Lf4�?2+@/ED2a�NF3GT_3
4�+@/2+~¼FA@-0356F+.�h+@A~8e:5/OA.=;+@+.<�TU8H=;+./2158;N�4�+@An3GD2T;+y:5Qp-J8HT�T>:K60DP8;-0:K/dTU8H=>+@/2158;N2+@/P-0/21X=;:K67+5VE356J8HN2:KDP1KNC8HN2-7T
+.�h+@A~8oA@35/!?P-0TH3G<2<h+@35=c3GQ�8H+.=y<P=;:K67:K/21K+.?!3515+@-0/P1O?2DP+x8;:O8HNP+xQR:K=>a�3t8H-0:5/w:5Q`�$:tj�=;-7AsN�ÚÆ3nIK+.To<2NF3GT;+Ä � ÅÔl ��-015D2=;+SòPlJYKYy-06760D2TU8H=H3t8H+@T#8;N2+y<2=;+.?2-0A~8H+@?O+.�h+@A~8{:5Q�aO:K6JLf4h?2+./ED2a):K/98HN2+xY[Z 
 N�=>D2<P8HDP=;+yT>8H=>+@T>T@l
��N2+(-0/2-J8H-0356c-7/2A@=>+n35T>+�-7TvA@:K/2T>-0TU8H+@/r8�iS-78;N�+.BfD23G8H-7:K/�òkl òPVciSN2-0AsN <2=;+.?2-0A~8HT$3�TU8H=>:K/21�+.�h+@A.8$:5Q
T;aO35676{35?2?P-78H-7:K/2TC:GQb�$:(-0/��KZBº2l���N2+�<2=;+.?2-0A~8H+@?�1K=;35?2-0+./r8$�Ô35T>T;D2a9-0/21(3M60-7/2+n3G=]IG35=;-03G8H-7:K/½�x-7T
�k�9�³Û&3��]i�8�� 4�+.8�ie+@+./�Zo35/2?]ZPl Z¥�o�$:yi�8��qV5iSN2-7AsNC-0TÆ67:uie+@=»8HNF3G/X8HNP+e:K/P+,1K-JIK+@/X4rLX+.BEDF3G8H-7:K/
òPl òPl Û&35=>8;-0A.D26z35=>67L(-0/r8;+@=;+.T>8;-0/21^-0TX8HNF3G8d8;N2+q8H=>+@/2?�4�+.8�ie+@+@/�ZM35/2?�YKlJYwi�8�� :5Qya9:K67Lf4�?2+@/ED2a
T;NP:uiST`3G/d+~}kA@+.6060+./r8`351K=>+@+@a9+@/r8y�RA@:K=>=;+.6z3G8;-0:K/]ZPl ò5ò¥ÈK�ÆiS-J8HNd3X� ¹�� Õ �RiSN2+.=;+L�`-0T�8;N2+{A.:K/2A@+./r8H=H3t8H-0:5/½�?2+.<h+./2?2+@/PA@+]+�}k<h+.A.8H+.?$QR:K=S3dT>:K60DP8;-0:K/wTU8H=>+@/2158;N2+@/P-0/219aO+.AsNF35/2-7T;a�Ä Y�� � ÅWl

��N2+C�½3G8>8H+./2-0/21w:GQ�8;N2+CA.D2=>I5+�ie:KD267?M4h+dA.:K/2T>-0T>8;+@/r8biS-78;NM<2=;+.A@-7<2-78H3G8H-7:K/!:5Qe3qa9:K67Lf4�?2+@/ED2a



¾p¿¬�(�qÐ»Ð�ÈÁÑÔÒKÇkÉuÑÁË�Õ»Í À1+2ñ

0

20

40

60

80

100

120

140

160

180

0 0.5 1 1.5 2 2.5 3

R
up

tu
re

 s
tr

es
s 

/ M
Pa

�

Mo / wt%

(A) (a)
(b)
(c)
(d)

0

0.5

1

1.5

2

0 0.5 1 1.5 2 2.5 3

W
t%�

Mo / wt%

(B) (a)
(b)

��-015D2=;+]òPl7Y5YK�§«¾	_±8;$�4��M����0��,�1(

�0�¤��@:�01(
_!"�,�7!P!"&X«¬��±�

���'®0°¡ 6�§�%&4�¢«¾10±�

�4�P®�°¡¢6�¤��5�M/

54�
��K

���0�����@
¤£^¥%°X¦�§8I�«¾RB±��"&4��«¾�4±��%���E

���-�����
!��<RB!�5�&4������!"��«¬��±<�"&4��«¾1�±<���0�
MB��1=

,�>"�0�?��9§«¬ð�±¨�A;©Aª 	�;S	 M����0�/,.1=
�,?!�&X��!��'«¬��±6

�4�'�"LE!"5�&Q
E!%�«�2��>"���6M��B�"�
�P�"&4��«¾RB±�

���7�"L3!�5�&Q
3!"�«�7!§,�&U�
!"��,���
!"��5/

,�!"&�,�&��%5B�)
���&�,?

�F��!"���6�)
������B!%�����%LE�F1�!"LEMB!Q�K,?

,�!"&7«¾M��4�"�
�0���%���?!@#*�0�3#*�����F�%5B�)
���&�,?

��I4�Z¬®­6§©¯%I�Z¯�§8I�����>��0��M��4�"�
�"I%z¤M��4�"�
�"IQ���0�
��,O
��_�"&4����,�°�54,��4±(9D;$���HR4�"�
�H1(!"LEM�!��
,O
�,?!�&�54�
�0�-1��"&�R��8��!�5�&4�-,?&
��%R����¨±�9�µ 9
=;-7AsN!<2N235T;+GVhiSN2-7AsNgi,:KDP60?gºG+@+@<g8;N2+]aO3G8;=;-J}wA@:K/r8H+./r8|3G8b39A@:K/PT>8s3G/E8_60+.I5+@6Ôlc��/!8;N2-0Ty=;+.1r35=>?pVh8;N2+
T;NP-7Q�8|:5Qe8HN2+�<2603G8H+@35D�4�+.8�ie+@+./%8HNP+$Y[ZT
]N�35/2?^8HN2+�Y[Z5\xN(=;D2<P8;D2=;+9T>8;=;+.T;T]A.:KD267?(4�+9=;+@603G8H+.?M8H:
8HNP+cºE-0/P+.8H-7A@T�:5Qp8;N2-0T�<2=;+.A@-7<2-78H3G8H-7:K/pl_i{3560A.D26z3G8;-0:K/PT�aO35?2+y:K/98HN2-7TeA.:KaO<�:KT>-78H-7:K/diS-78;Nq�$�,j=gym��»m
�R¼212l�òkl7YKYn*��_35A.8;DF356767Lg=>+.I5+n356�3vA@:K/2T>-0TU8H+@/r8x8H=>+@/2?�-0/M8HN2+��$:�A@:K/r8;+@/r8]:GQ,8HNP+O3GD2T>8;+@/2-J8H+�iSN2+@/
-0/PA@=;+@35T;-7/21w8HN2+942D267º(�$:�A@:K/r8H+./r8nV#42Dk8]-7/2?2-0A@3G8H+C8;NF3G8§ÚÆ3[I5+@TX<2NF35T>+O-7Tx:5/267LM+�}k<h+.A.8H+.?�QR:K=X�$:
A@:5/E8;+@/r8y1K=;+@3G8H+.=�8HNF35/³�kl��]i�8��ql
Ù�Ú���ÚÔù ø�Þ_èFéeüíâUçbü Ü`ã'e ùXéeèFéeã
moA.A@:K=>?2-0/21x8H:x+@BEDF3G8;-0:K/�òPl òPVEAsN2=;:Ka9-0DPa)T;67-01KNr8H6JLd=;+.?2D2A.+@Te8;N2+oA.=;+.+@<q=>D2<P8HDP=;+yT>8H=>+@/21G8HNpl_0y/kj

QR:K=U8HD2/F3t8H+@6JLd8HN2+oaO+.AsNF35/2-7T;a ?2:k+.T{/2:58,T;+.+@aí8;:C4�+_D2/2?2+.=;TU8H:f:k?pl���8,i{35T,<h:KT>T;-74260+y8H:C=>+@<2=>:k?2DPA@+
8HNP-0Te8;=;+./2?wQR:K=�3]8�Lf<h+|�kY � T>8;+@+.6"35T�-06760D2TU8H=;3G8H+.?�-0/O¼F1KD2=>+|òPl7Y/�kl#��N2+|1K=;35?2-0+./r8,QR:K={A.:Ka9<h:KT>-78;-0:K/2T
A@67:KT;+S8H:�Y � i�86� i,=e-0T,-7/OI5+@=>LO1K:f:k?�351K=>+@+@a9+@/r8eiS-78HNO8HN2+yI53G60D2+y:5Q²�kl�È|QR:KDP/2?q-0/�+@BEDF3G8;-0:K/�òPl òkl

mo?2?P-78H-7:K/2T»:5QF4�:K=;:5/]NF3nIK+,4h+.+@/]QR:KDP/2?]8H:c-0/2A.=;+@35T;+eT;D242TU8s35/r8;-z356767Lb8HNP+,A@=>+@+.<d60-7QR+`:5QF35D2T>8;+@/2-J8H-7A
T>8H35-0/P60+@T>T�T>8;+@+@67T@Vf35T`+@a9<2NF3GT;-0T>+@?94rLd8HN2+S6z3G=;1K+{A.:k+~�9A@-0+./r8,-J8�-0T`3G8>8H=>-042DP8;+@?�-0/�+.BfD23G8H-7:K/�òkl��Pl&��N2+
<2=>+@?2-7A.8H+.?w+.�h+@A~8�:5Q»4h:5=;:K/�i,35T{QR:KDP/2?q8H:C4�+_T>-0a9-06z3G=@VKiS-78;Nw3CT;67:K<�+o:5Q»354�:KDP8�Èk�5ZKZ]�³Û�3.�xi�86�
�ÁT>+@+b¼F1KDP=;+xòPlJY��K�~l



¾p¿¬�(�qÐ»Ð�ÈÁÑÔÒKÇkÉuÑÁË�Õ»Í À1+2×

100

120

140

15 16 17 18 19 20

10
4 h 

ru
pt

ur
e 

st
re

ss
 / 

M
Pa

Cr / wt%

(a)

80

100

120

140

0 0.001 0.002 0.003

10
4 h 

ru
pt

ur
e 

st
re

ss
 / 

M
Pa

B / wt%

(b)

AISI 316
AISI 347

��-71KD2=>+CòPlJY��k�A«¾�Q±�;$���3M����0�/,.1=
��0�7,�&%³454��&41���!"�r1����
!�LE,?5�L !�&7

���P®0°¡ ��¤��5�M/
�5������K

���0����@
¨£^¥"°´¦6§���!"�<��
)� M�,�10�%�D©4®µ£�9�«¾RB±_;$���E��@:�01(
H!"��R�!"��!"&A!�&¤
�����1(�����0M¤��5�M/

54�
�E�)
��
���
�F��!"�
)#�!��/,�@:������&Q
��)
������.�09 ª ��
��%,����0�'1(!�L3M�!��
,?

,�!"&4�*��!��$

�����K�H�(N��"L3M4�?�����%���_��,?>���&P,?&P
��%R����¨±�9�µ
Ù�Ú���ÚÁû Ý%Þ_ßáà��PÜ`ùbâ>åUâUàkÜ_�Fâæéeã èFÜ_�2âUéíÜ`ã'e àPéeå>ç-�2âUéeã �Pß&ü ý]ßÆèFÜ_�2ç_èFß
��N2+@=>+wNF35Td4�+@+./�a]D2AsN�i,:5=;º%:5/�8HN2+w-7/P�FD2+./2A@+w:5QS8;N2+w35a9:KD2/r8d:5Q7T T>8H3542-760-0T>-0/21$+@67+@a9+@/r8HT�V

T;DPAsN�3GTv�c4pVc��-WV{l :K=·¶�=.VSiSNP-0AsN�<2=;+~IK+./E8�8HNP+gQR:K=;aO3G8H-7:K/�:GQXAsNP=;:Ka9-0D2a An3G=;42-7?2+@T.Vc:K/�8;N2+
A@=>+@+.<%<2=>:K<h+.=>8;-0+@Tx:5Q{35D2T>8;+@/2-J8H-7A9TU8s35-7/260+.T;T|T>8;+@+.60T@l���N2+�<2=>:K4267+@a°-7Tx15+@/2+.=H356767LM?2+.T;A.=;-04�+@?�D2T;-7/21
3¹T>8s3G42-067-0TH3t8H-0:5/µ=H3G8;-0:��Á+.B½l òPlJY��K��V_iSN2-0AsN�-0T�3¹A@:K/rIK+./2-0+./r8M+@TU8H-0aO3G8;+M:5Q]8;N2+�+�}f8H+@/r8$8H:¹iSN2-0AsN
An3G=;4�:K/pVu/2-78;=;:K15+@/|35/2?|8HNP+�TU8s354P-060-7T;-7/21,+.60+@a9+@/r8;T»?P+.If-z3G8;+#QR=;:Ka�T>8;:K-0AsN2-7:Ka9+.8H=UL_?2DP=;-0/P1�A@:Ka9<h:5D2/2?
QR:K=>a�3G8;-0:K/�Ä Y��EV"YKY � V"Y��k��ÅÔl×b+@:[iS/v35/2?�Û�-7Asº5+@=>-0/21�Ä YKY � Å�+.T>8;-0aO3G8H+.?�8HNF3t8,8HNP+_4h+.T>8�A.=;+.+@<w<2=>:K<h+.=>8;-0+@T�i,+.=;+b:K4k8s35-7/2+@?�QR:5=
T>8;:K-0AsNP-0:Ka9+.8;=;-0Ay35?P?2-78;-0:K/2Te:5Q»�c4qiSNP-060+caO:5=;+o=>+@A.+@/r8�i,:5=;º³Ä YKY�ÅpA@6035-0a9T`8HNF3G8-T DP/2?2+@=�TU8s354P-060-7T;-7/21~Viá-0T_4�+.8>8H+@=.lC��N2-7Tx-7T_4�+@An3GD2T;+�?F3G8H3qQR=;:Ka 60:K/21q8;+@=>aÿ+~}k<�+@=>-0a9+@/r8HT¢Ä YKY�Å�N23[I5+OT>N2:[iS/(8;NF3G8b8;N2+
8H=>+@/2?v:K4PT;+@=UIK+.?!4rL·×b+@:[iS/�35/2?�Û�-0AsºG+@=;-7/21dQR:K={=;3G8HN2+.=�T;N2:5=>8�8H+.=;a¯+�}k<h+.=;-0a9+@/r8;Tx�Ô3nIK+.=H351K+x�KZ5ZKZ
N½�`?2:d/2:58,+~}f8H=;35<h:56z3G8;+cie+@606Ôl<�F:K=���-�:K/w-J8HT,:[iS/pVk8HN2+b3G1K=;+.+@a9+@/r8{-7Te8HN23G8S3]6035=;1K+.=eTU8s354P-060-7TH3G8;-0:K/
=H3t8H-0:d<P=;:f?2D2A@+.T�8HN2+|:K<P8;-0aCDPa�A@=>+@+.<!T>8;=;+./2158HN�Ä � Å�F:K=cT>N2:K=U8c8;+@=;a�8;+@T>8;T@Vp:5<P8H-7aCD2a¯A.=;+@+.<M<2=;:5<h+.=>8H-7+@TyNF3nIK+C:GQ�8H+@/!4h+.+@/!QR:KDP/2?$iSN2+./g8HN2+X<2=;+�j
A@-7<2-78H3G8H-7:K/�:5Qb�sr i,35T9a�3u}P-7aO-7T;+.?�4rL¹D2T>-0/21�T>8H3542-067-0T;3G8H-7:K/�+@BEDF3G6S8;:%:K=�1K=>+n3G8;+@=�8HNF3t8ODP/2-78�L5l
�c:[ie+.I5+@=@Vp35A@A.:K=;?2-7/21�8H:�Ä � ÅÔV�8;N2+xA@=;+.+@<g:GQ`35D2TU8H+@/P-78H-7AXTU8H+.+@60Tc-0TS+@T>T;+./E8;-z356767Lv?2-J��DPT;-0:5/$A.:K/r8H=;:56060+.?
-0/9T;+.=>If-0A.+cA.:K/2?2-J8H-7:K/2T@VriSN2-7AsNqA@:5D260?9+~}k<26035-0/�iSNrL98;N2+@=>+o-7T�/P:]1K=>+n3G8�4�+@/2+~¼28{-7/OaO3t}k-0a9-0T>-0/21_8;N2+
35a9:KD2/r8S:5Q#�sr	<2=;+.A@-7<2-78H3G8H+.T@l��-015D2=;+9òPlJY[�F�Á3r�~V»T;N2:[iST]8;NF3G8x8HN2+O/2+@DP=H356�/2+.8�ie:K=>º(a9:f?2+@6�i,35TC354P60+�8H:!=>+@<2=>:k?PD2A@+98HN2+O+~}Ej



¾p¿¬�(�qÐ»Ð�ÈÁÑÔÒKÇkÉuÑÁË�Õ»Í À1+~�

1

2

3

4

5

6

7

8

0 0.5 1 1.5 2 2.5

lo
g 

(r
up

tu
re

 li
fe

 / 
h)

¸

Stabilisation ratio

(a)

40 MPa
120 MPa

-50

0

50

100

150

0 0.5 1 1.5 2 2.5

R
up

tu
re

 S
tr

es
s 

/ M
Pa

¹

Stabilisation ratio

(b)
104 h
105 h

��-015D2=;+còPlJY[�P�E«¾�Q±r;$���8��@:�01(
$!"�¥

���H�K
��%R4,?��,����@
�,?!�&����@

,�!-«¾,?&B1(���0�"�
�F!"�»º�RB±�!�&�

���H1(�����0M���5�M/

54�
���,O����!%���'
)� M�,.1��%�F®µ¼4§���A�®�µ�ºF,D�)
����0�r�@
U£4¥%°Z¦�§89*½8M/
�,?L�5�L �K��!��K
<
�����L´1��
�0��M�M���!"M����


,��0�6�%����!"R%A
��%,�&��0�-��!"�81(��!��
�H

!��K

!",.1���,�!"LE�(
��
,.1H�"����,O
�,?!�&4��I4#���,?����5�&B�/�����)
��%R�,���,����@
�,?!�&-,.��R��(



������!"����!"&��E
�����LM���!"M����


,��0�09u«�RB±<

���-��@:�01=
3!%���%&�,�&41��
���"�
��!%��;$,~¾�

�4���)
��%R�,���,����@
�,?!�&����%

,�!7#���,�1���M4�
!/�/541��0��

���!�M/

,�L65�L 1(�����0MP�K

����&��"

�P,��$�.�%���"�0�*

�4�"&P,�&�«¾�Q±=9
<�+@A.8;+@?�8;=;+@/P?2T]QR:K=]�c4¹35?2?P-78H-7:K/2T.l³�F:K=XT;N2:K=U8C8H+.=;a 8H+.T>8HT.V#8HN2+�4h+.T>8d<2=>:K<�+@=>8;-0+.TC35=>+q:K4P8H35-0/2+.?
QR:K=�3dTU8s3542-760-7TH3G8;-0:K/O=H3G8;-0:d+@BEDF3G6p8H:�:K=�T;67-01KNr8;67LO1K=;+@3G8H+.={8HNF35/vD2/P-78�LKl6�F:K={67:K/21K+.=,8H+.=;a�8;+@TU8HT@VF8;N2+
-0/k�FD2+@/PA@+d:5QeT>8H3542-067-0T>-0/21O+@60+.aO+./r8HT|-0T_<P=;+@?P-0A.8;+@?^8H:v4�+d60+@T>T|35/2?^8HN2+d:5<P8H-7aCD2a 35?2?2-J8H-0:5/gaCD2AsN
4�+@60:[i	39T>8H:5-0AsN2-7:KaO+~8H=>-0A|=H3G8;-0:2lo�_/!8HNP+C=;-71KNr8o:5Q�8;N2+CT;35aO+x¼F1KD2=>+]-7Tc8HNP+]+.�h+@A~8b:5Q`��-�35?2?2-J8H-0:5/
:K/v8HN2+9Y[Z�
o35/2?�Y[Z5\yN!=>D2<P8HDP=;+xT>8H=>+@T>To:5Q#3�8�Lf<2-7An356`Y%�tjHY��CT>8;+@+@6ÔV½T;N2:[iS-0/P198;NF3G8y8HN2+xaO:f?2+.6pA@:K=æj
=;+.A.8;67LC<P=;+@?P-0A.8;Te4�+@TU8�<2=;:K<�+@=U8H-7+@T`3G8e3b6z35=>1K+@=�TU8s354P-060-7TH3G8;-0:K/X=H3G8;-0:2VE3G678HNP:KD21KNC8;N2-0T`=H3t8H-0:bTU8H-7606PT>N2-7Q�8;T
T;67-01KNr8;67L�8H:[i,35=;?2TyD2/2?P+@=;TU8s354P-060-7TH3G8;-0:K/OQR:K=�60:K/P1K+@={8;-0a9+@T@l��-015D2=;+�òPlJY º%�Ô3r��V&T>N2:[iSTX8;N2+O+~��+.A.8X:5Q,8;N2+9T;:K67DP8H-7:K/M8H=;+@3G8Ha9+@/r8|8H+.aO<�+@=;3G8HDP=;+�QR:K=|?2-7�h+@=>+@/r8
60+~IK+.60T{:5Q&�y4%�RT;+.+x4235T;+bA.:KaO<�:KT>-78H-7:K/q-7/�8s354P60+bòPl��K��l���N2-0T�-7T{-0/qI5+@=>Lq1K:k:f?w3515=;+@+.aO+./r8�iS-78HNw8;N2+
NrLf<h:58;N2+@T>-0T'Ä Y��/Åh8;NF3G8`8HNP+o:K<P8;-0aCDPa)A@=>+@+@<�<2=;:K<�+@=U8H-7+@Te35=;+c:K4P8s3G-0/2+.?9iSN2+./w35TeaCD2AsNq3GT,<�:KT;T>-04267+
:5Q_�sr QR:K=;a9-0/21M+.60+.aO+./E8;T�3G=;+v<2DP89-0/�T;:560DP8;-0:K/¹4�+.QR:K=>+�T>+@=UIk-7A@+G�$iS-78;N�3G/�-7/2A@=>+n35T>+@?�67+.I5+@6�:5Q
/2-7:K42-0DPa$VS8HN2+(T;:560DP8;-0:K/�8H=>+n3G8;aO+./r8�8;+@a9<h+.=H3G8;D2=;+M8;NF3G8$?2-0T>T;:K6JIK+@Tv8HNP+�aO3t}k-0aCDPa 35a9:KD2/r8v:5Q
�c4"��ioV �_�o-0To-0/2A.=;+n3GT;+@?�lu��-71KD2=;+CòPl7YQº½�Á4½��Vp-0T_3v<P=;+@?P-0A.8;-0:K/!:5Q`8HN2+935a9:KD2/r8b:5Qe�y4Dií�RAn3567A@D2603G8H+.?
iS-78;N��$�,j=gym��»m Ä¿�K�BÅz�ÆQR:KD2/P?d-0/d3oTU8H+.+@62:5Q½A.:Ka9<h:KT>-78;-0:K/x+@BEDF356k8H:o8;NF3G8�D2T>+@?CQR:K=»8HN2+,<2=;+.?2-0A~8H-0:5/2T
354�:[IK+5Vo�ÁTU8H+.+@6�iS-78;N�Zkl �¥�M�y4�i�86�9��l¹��8OT>N2:[iST98;NF3G8935676{:5Qy8HN2+vA@35=;4�:K/�35/2?�/2-0:542-0D2a 35=>+�-7/
T;:560DP8;-0:K/M:K/P67LM3t8x8;+@a9<h+.=H3G8;D2=;+.T|6z35=>1K+@=_8;NF35/�Y��:È5Z·�@ioVpiSN2-7AsN%A.60:KT>+@67L!a�3t8HAsN2+.Tx8;N2+�:K<P8H-7aCD2a
T;:560DP8;-0:K/q8;=;+n3t8Ha9+@/r8�8H+.aO<�+@=;3G8HD2=>+bQR:K={8HN2-7T�A@:Ka9<�:KT;-J8H-0:5/pl



¾p¿¬�(�qÐ»Ð�ÈÁÑÔÒKÇkÉuÑÁË�Õ»Í À1+�+

2

3

4

5

1000 1100 1200 1300

lo
g(

ru
pt

ur
e 

lif
e 

/ h
)

¸

Solution Treatment Temperature / oC

0.02 Nb
0.32 Nb
0.72 Nb

optimum temperature

0

0.1

0.2

0.3

1000 1100 1200 1300

N
bC

 / 
w

t%À

Temperature / oC��-015D2=;+XòPlJY º2�A«¬��±�

����M��
���/,.1=

���7��@:�01(
_!"��

���E�
!"��5/

,�!"&'
��
���@

LE�0&�
8

�0L3M������@
�5����6!"&A

���E1(�����0M��5�M/
�5��
�F�?,?���F!"�¥�<
)�QM4,�10�%��®Á¼6A�®�µ_�K

���0�S«¬�K�0��
��"R����²±�9�µ"±(9Â½8&E
����F��,��"�Q
0I"

���_�%LE!"5�&Q
r!"�»º�R�§¢M4�
���K�0&�
�����'��5�&41(

,�!"&�!"�$

�����
!"��5/
�,?!�&u

���0�@
�LE��&Q
�

�0LEMB�0���%

5����"IS,?&�

����°49 ©Qµ�ºFR§#$
�Ã�ID1��%�.1(54���%

�0�§#�,?

��A;©A ª 	�;S	 «¬�%���?!@#�,�&��u��!"�'�%5B�)
���&�,?

��I$�������
,?

��I��?,�°Q5�,.�¥IF;$,f§8I,º�Rk§8I*;$,�º�IÄº�R�º�IR�Z¬�­�§©¯¤�"&4�·z�AM��B�"�
��±=9�;$���H�
!"��5�R�,��?,?
)���?,�LE,O
�1(!��
���0�
M�!"&4����1(��!��
�����E

!6

�4�%
*��!���#��4,�1��-!"M/
�,?L�5�L�1(�����0M�M���!"M����


,��0��"�
�_M����0�/,.1=
��0�¥9
Ù�Ú���ÚKe ø%éeüíý_Ü�è½âæàPéeã �µâ��FÞ°é<�2Þ_ß»è�ü ß$�FÞ_é�ebà
��N2+^=;+.A@+@/r8$=;+~Ik-7T;-7:K/�:5QX8;N2+(�o�S�U� �Ô�o3t8H-0:5/F356_�S+@T>+n35=>AsN���/2TU8H-J8HDP8;+^QR:5=��$+.8H3560T.V7hK35<F3G/½�

?F3G8H35T;NP+@+.8C/2:2lª�����
���K*oV&?F3G8s3�QR:K=��10o����º-�5� �S*��]A@:K/r8H35-0/2T]A@:K/2T>-0?2+.=H354P67L�aO:K=>+�67:K/21!8;+@=;a
?F3G8H3%8HNF3G/ ?P-0?µ8HNP+M<2=;+~Ik-7:KD2TqI5+@=;T>-0:K/Ø���Gm]l,m{8w8;N2+M8H-7aO+�iSN2+@/�8HN2+M?23G8s354235T;+MD2T>+@? -0/µ8;N2+
<2=>+@T;+./r8Oie:K=;º�i,35T9A@:Ka9<2-760+@?�V`8;N2+@T>+!/2+~i�?F3G8H3gi,+.=;+!/P:5893nI53G-06z3G4260+w3G/2?�8;N2+@=>+.QR:K=>+$N23[I5+$/P:58
4�+@+@/!D2T;+.?!8H:98H=H3G-0/$8;N2+]a9:f?2+@67T@l���8c-0Ty-0/r8H+.=;+@TU8H-7/21O8;:�A@:5aO<F3G=;+|8HN2+X<2=;+.?2-0A~8H-0:5/2Tc:GQ�:KD2=caO:f?2+@6
iS-78;Nw8HN2:KT>+|a�35?P+b4ELw8;N2+x�o�S�U� :5/v8;N2+|TH35a9+|?F3G8H3Pl

��N2+�Y[Z \ N�=;D2<P8;D2=;+|TU8H=;+.T;TSi{3GTy<P=;+@?P-0A.8;+@?�D2T;-7/21d8HN2+|/2+.D2=H3G6"/2+.8�ie:K=;ºwa9:f?2+@6�QR:5=,8�i,:9T>8;+@+.60T
:5Qp8;N2+_�c�y�U� ���K*�?F3t8s35T>N2+@+~8x�Ámoó`m�35/2?qmoó � ��VfQR:K=�8H+.aO<�+@=;3G8HD2=>+@Te=H35/215-0/21X4h+~8�i,+.+@/ � ZKZX35/2?�:È5Z � iol��-015D2=;+oòPl7Y/ÈXT;N2:[iST�8HNP+_<2=;+.?2-0A~8H-7:K/2T{:5Q"8;N2+b/2+.D2=H356h/2+.8�ie:K=>ºqaO:f?2+.6�351K35-0/2TU8,8;N2:KT;+baO35?2+c4rL
8HNP+S�o�S�U��VrD2T;-7/21_8HNP+o�_=>=UjU�fN2+@=>4ELrj=g_:K=;/�a9+.8HNP:k?pV5:K/d8HN2+S<2=>+.If-0:KDPT;67L]<2D24267-0T>N2+@?�?F3G8H3PVr35/P?98;N2+
=;+.A@+./E8c=;+.T;D26J8HTy<2D24267-0T>N2+@?$-0/�=;+.If-7T;-0:5/����5*olF��N2+X351K=;+.+@a9+@/r8yiS-78HN�+~}k<�+@=>-0a9+@/r8s356Æ?F3t8s3�-0TS1K:f:k?pV
<F35=U8H-7A@D26035=;6JL�-0/¹8HNP+!An3GT;+!:GQbT>8;+@+@6cm_ó � iSN2+@=>+!8HNP+!/2+.D2=H356y/2+~8�i,:K=>º�<P=;:f?2D2A@+.T�T>-01K/2-J¼FAn3G/E8;67L
4�+.8;8;+@=b<2=>+@?2-7A.8;-0:K/2Tc8HNF35/g8;N2+O�_=;=Ujæ�kN2+.=;4rLrj(g_:K=>/MaO+~8HN2:f?MD2T;+.?�4rL$8HN2+��c�y�U��l"��8_T;N2:KDP60?(3560T>:
4�+�/P:58H-7A@+@?¹8HN23G8�8HN2+v8H=>+@/2?2T�QR:K=�4�:58HN�T>8;+@+@67T�NF3nIK+!4�+@+./�A.:K=;=>+@A.8;67L�<P=;+@?P-0A.8;+@?pV,?2+@T><2-78;+�8;N2+@-7=
35<2<235=;+./E8yT>-0a9-06z3G=;-78�L�-7/vA@:Ka9<h:5T;-78;-0:K/M�ÁT;+.+b8s354267+|òPl��K�~l



¾p¿Å+ÇÆpÄ&Ï�Ï�Ç2Å%È�Ç2Õ&Ó�ÒKË�Õ&ÒrÈÁÄ»ÍnÑÁË�Õ»Í À1+2Ø

��-015D2=;+�òPlJY�Èk�²§�!"LEM4�"�
,.�
!"&<R��(
)#*����&6

���*&��05����"��&4�(
)#*!"��+_LE!/�/�0�QM4�
���/,�1(

,�!"&4�*«¾�
�4���/�0���%���0��±(I�

���M����0��,�1(

,�!"&4�*L��"�/�_R �LºÉ}�ýÊ�Ø54�
,?&4�6
����¨½8����AN� �4����RQ�4A ª !��
&�LE��

��!/�¤«¾�?,�&���±$�%&4��

���_�(N/M�����,?LE��&Q
��%�>@�%��5����$M�5�R���,��
�����-,�&P

���<���01���&Q
��
�0> ,��
,?!�&Pµ¡¼"ð «¾MB!�,?&Q
���±=9E�/���H
��"R����
±49 µ6��!��$��5��?�21(!"LEM�!��
,O
�,?!�&4�09
Ù�Ú���ÚÁß �yé6ç@����Ü�èFß
m /ED2aC4�+@=b:5Qe:58HNP+@=_8H=>+@/2?PTx<P=;+@?P-0A.8;+@?^4rLg8HNP+9a9:f?2+@67ToNF3nIK+94�+@+@/^+�}23GaO-7/2+@?pVpiSNP-0AsN(NF3nIK+

4�+@+@/9QR:KD2/2?O8H:x4h+c=;+n3GT;:K/F3G4260+SQR=;:Ka)3Xa9+.8s3G6060DP=;1K-7An356k<h:K-7/r8e:GQpIf-0+.i|Vk35a9:K/21KTU8`iSN2-0AsNw3x<h:5T;-78;-7I5+
+.�h+@A~8#:5QDi,DpVr:5QDÛgiS-78;N2-0/]3c67-0a9-78H+.?|=H35/215+b�ÁNP:uie+.I5+@=#8;N2-0T»+@67+@a9+@/r8#A@35D2T;+.T#+@a]42=;-J8;8H67+@a9+@/r8�35/2?]-7T
8HNP+@=;+~QR:K=;+�ºG+@<P8`a]D2AsN�4h+.60:[i�8;N2+�60+~IK+.621K-7If-7/21_:K<P8;-0aCDPa	A.=;+.+@<9=;D2<P8;D2=;+�TU8H=>+@/2158;N½�~l���N2+S/fDPaC4h+.=
:5Q,<h:KT>T;-742-067-78H-7+@Tb:5Q{-0/r8H+.=H35A~8H-0:5/2T]3G=;+9T;D2AsN�8;NF3G8X-78X-0Tx/2:58X<h:KT>T;-74260+�8H:$T>8HDP?PL^8HN2+.a QRDP6067L5lw��N2+
?F3G8H354F35T>+�D2T;+.?98;:bA@=>+n3G8;+{8HN2+�a9:k?P+@6PA.:[IK+@=>T,3_6035=;15+{=H35/P1K+�:5Q�A@:Ka9<�:KT;-J8H-0:5/2T#35/P?d-78HT`3G<2<260-7An3G8;-0:K/
?2:f+@T`/2:58�TU8H:K<�3G8`8HN2+ymo�U�k�#�KZKZbT;+.=;-0+.T@l���N2+yT;:GQ�8�i{35=>+oA@35<F354267+S:5Q�?P:K-0/21|8HNP+@T;+yAn3G60A@DP6z3G8;-0:K/2T�A@35/
4�+b:K4P8s3G-0/2+.?vQR=>+@+.67LqQR=>:Ka�Nr8;8;<p���k�ti�i�i|l aOT>a$l An35a�l 35A5l D2ºj�GaO35<��GaO35<pl Nr8Ha96Wl
�v ¡Ë Ìv¥M± ± §C¦
Í §]·M¶ ´S«O·M´y¨n¥M­#³.«O·M­
��N2+CA.=;+@+.<M=;D2<k8HD2=>+C60-JQR+xQR:K=c3�1K-JIK+./gT>8;=;+@T>T@VÆ35/P?!8HN2+]A@=;+.+@<M=>D2<P8HDP=;+CTU8H=;+.T;T_QR:K=c3�1K-JIK+./M60-7QR+

NF3nIK+d4�+@+./(35/F356JLkT>+@?MD2T>-0/21q3q/2+@D2=;356#/2+~8�i,:5=;ºET|aO+~8HN2:f?!iS-78;N2-0/g3w*{3nLK+@T>-z35/gQR=;35a9+.ie:K=;º½l|��N2+
?F3G8H3(ie+@=>+g:K4P8H35-0/2+.?�QR=>:Ka 3(IG35=;-7+.8�L�:5QbT>:KD2=>A@+@Tq35/2?µA.:uI5+@=v3^iS-0?2+$=H35/215+!:5QbA.:Ka9<h:KT>-78;-0:K/2T
35/2?�NP+n3G8q8;=;+@3G8Ha9+@/r8HT.l���N2+M<h:G8H+@/r8;-z356y:5Qb8HNP+MaO+~8HN2:f?µ-0T�A@60+@35=;6JL�-06067D2T>8;=H3G8;+@?�-0/µ-J8HTq3G42-067-78�L
8H:�<�+@=;A.+@-JIK+(-0/r8H+.=H35A~8H-0:5/2Tv4h+~8�i,+.+@/ 8HNP+�?2-J��+.=;+./E8$-0/P<2DP8vIG35=;-0354260+.T@l Û�=;+@?P-0A.8;+@? 8H=;+./2?2T$NF3nIK+
4�+@+@/�QR:KD2/P?OA.:K/2T;-7T>8;+@/r8eiS-J8HN�8HN2:5T;+S+~}k<�+@A.8;+@?w3G/2?98;N2+SBEDF35/r8H-J8s3G8;-7IK+y3515=;+@+.aO+./r8�i,35T`QR=;+.BfDP+@/r8H6JL



¾p¿Å+ÇÆpÄ&Ï�Ï�Ç2Å%È�Ç2Õ&Ó�ÒKË�Õ&ÒrÈÁÄ»ÍnÑÁË�Õ»Í À1+2¾
��-712l i,= �c- ��: �$/ �k- �y4 ��- l i,DòPlJYKY Y;�Pl Z Y��fl Z j YKlOº Zkl � Z Z Z ZòPlJY��2�Á3r� j Y��fl7Y �kl�ÈBº YKl?ºPY ZPlOº � Z Z Z ZòPlJY��2�R4½�{�PY � Y � l?º¥� Y[�Pl��kY �kl ��º YKl.ÈfY ZPl�È:� ZPl ZPY Zkl ZPY5Y Z ZPlJY ºòPlJY��2�R4½�{��º-� Y%�kl��5ò Y��kl�È:È ZPlJYKY YKl��4º ZPl��k� ZPl��k� ZPl Z:� ZPl ZK�K� ZPl ZKòòPlJY[�F�Á3r� Y;�Pl7Y/È Y[�kl � Z ZPl���È Zkl?º ZPlJY Z Z ZòPlJY[�F�R4½� Y%�kl��fY Y��kl��k� ZPl Z¥� YKl.È � ZPl�È:È ZPl ZKZ¥È j Z ZPl Z �òPlJY º½�Á3r� Y%� Y�� ZPl Z¥È ZPl�� Zkl?º ZPl Z¥� ZPl Z:� Z ZòPlJY�È2�Rm_ó�mb� Y%�kl��:È Y�� ZPl Z�º YKl��fY ZPl � Z ZPl��Bº Zkl ZPYnò ZPl ZK�PY ZPl Z¥ÈòPlJY�È2�Rm_ó � � Y%�kl.È � Y��kl��Bº ZPlJY�È YKl��kY ZPl � � ZPl��d� Zkl ZPYnò ZPl Z�º2Y ZPlJY º��-712l � i * <P<2a Û � i,: mc6òPlJYKY Z ZPl Z � È ZPl Z:� ZPl ZPY Z ZòPlJY��2�Á3r� Z ZPl Z�º ZPl Z5ZKZ¥� ZPl ZkY[ò ZPl Z¥� Z ZòPlJY��2�R4½�{�PY � Zkl ZK�Bº ZPl Z¥È j ZPl Z:�kY ZPl ZPY Z ZòPlJY��2�R4½�{��º-� Zkl ZPY � ZPl Z¥È j ZPl Z:�:È ZPl ZKZd� ZPl �d� Zkl ZKZBºòPlJY[�F�Á3r� Zkl ZPY/� ZPl Z � � Z ZPl Z:� ZPl ZKZ¥� Z ZòPlJY[�F�R4½� Zkl ZPYQº ZPl Z � È ZPl Z:� � ZPl ZPY Z Zkl7Y��fYòPlJY º½�Á3r� Zkl ZPY ZPl Z � YnZ ZPl Z:� ZPl ZKZ¥� Z ZòPlJY�È2�Rm_ó�mb� ZPl Z¥���Bº ZPl Zd� Y/� ZPl Z:� ZPl ZKZ¥È ZPl��5ò Zkl ZPYnòòPlJY�È2�Rm_ó � � ZPl Z¥�:��� ZPl Z¥È5� ��� ZPl Z:�k� ZPl ZPYKY ZPl �KZ Zkl ZKZ��

��354P60+eòPl.�f�&��N2+e4F35T>+{A@:Ka9<�:KT;-J8H-0:5/2TÆ:5Q28HNP+,?2-J��+.=;+@/r8�+~}P35a9<260+.T@VK-7/Xi�8��ql
TH3t8H-0TUQ�Lf-0/212lÆ��N2+`a9:k?P+@65A@35/x4h+`35<P<260-7+@?biS-0?2+.67Lc4h+.An35DPT;+�:5QP-J8HTpA@35<F35A.-78�L_8;:S-0/2?2-7An3G8;+#D2/2A.+@=U8s35-7/E8�L5V
-0/PA@60DP?2-0/21S4�:58HN]35/x+@T>8;-0aO3G8H+�:5Qk8HN2+e<h+.=;A@+.-7I5+@?C67+.IK+.6k:GQ2/2:K-7T;+�-0/|8HN2+e:KDP8;<2DP8nV535/2?]35/]D2/PA@+@=U8s35-7/r8�L
35T>T;:fA@-z3t8H+@?wiS-J8HNw¼28;8;-0/21d8;N2+bQRD2/2A.8;-0:K/v-7/v8;N2+|60:fAn356h=;+.1K-0:K/v:5Q&-0/P<2DP8ST;<235A@+Gl


