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List of symbols

a activity
c ab

Mo atomic fraction of molybdenum in a in equilibrium
with b

c ab
Mo;r atomic fraction of molybdenum in a in equilibrium

with b at a curved interface
c h

Mo atomic fraction of molybdenum in h
c̄ M o atomic fraction of molybdenum in the alloy

d̄ mean diffusion distance between precipitates
dt thickness of a cementite particle

D M o diffusion coef� cient of molybdenum
G* activation energy for nucleation

h Planck constant
H curvature of a particle

H S E R enthalpy of the element or substance in the
reference state at 25.15°C

I nucleation rate
k Boltzmann constant
N number density of nucleation sites

NA Avogadro’s number
N b number density of b precipitates
N b

0 initial number density of b precipitates of the
Ostwald ripening stage

P pressure
p̄ Péclet number

Q* activation energy for the transfer of atoms across
the interface

rc critical tip radius at which growth ceases
r IC radius of curvature at the tip
r* nucleus size
r0 initial average particle radius of the Ostwald

ripening stage
T absolute temperature
t time
v growth rate of a particle

vc growth rate of a � at interface governed by the
interface process

C capillarity coef� cient
fh volume fraction of h phase

m a
X chemical potential per X atom in a

m
b
X chemical potential per X atom in b

n b volume of an atom in b phase

s interfacial energy per unit area
V supersaturation

Introduction

Alloy carbides have played an important role in the develop-
ment of structural steels, for example, in the strengthening
and toughening of microalloyed steels and in the exploita-
tion of secondary hardened steels for service at elevated
temperatures. A less well known application is when car-
bides, such as Mo2C and V4C3 are introduced into the steel
as hydrogen trapping sites to enhance the resistance to static
fracture of components such as springs, bolts and power
plant items;1 ,2 it is in this context that the present work was
initiated.

The mechanical and hydrogen trapping properties depend
on many parameters but the two most signi� cant terms are
the carbide size and number density. These parameters have
in the past been manipulated on the basis of experience and
experimental work. The aim in this research was to develop
a model for estimating the kinetics of alloy – carbide micro-
structures during the tempering of steels, in the hope of acce-
lerating the design process for novel, hydrogen resistant steels.

Fujita and Bhadeshia modelled the precipitation of Mo2C
accounting approximately for the capillarity effect in a
ternary system.3 The carbide particles were assumed to be in
the form of thin cylinders with hemispherical ends, as in the
Zener treatment.4 A disadvantage of their method is that
the needle aspect ratio had to be chosen arbitrarily. The
purpose of the present work was to improve on that model,
with a better representation of the shape of the precipitate
and to simulate the tempering of a Fe – C – Mo ternary
martensitic steel. The work is based on Trivedi’s solution5

for the growth of paraboloids of revolution, and local
equilibrium, the capillarity effect, and simultaneous cemen-
tite enrichment and dissolution in a multicomponent system
are accounted for in this paper.

PRECIPITATION OF ALLOY CARBIDE WITH
LOCAL EQUILIBRIUM
Carbon is an interstitial solute in iron and hence has a much
higher mobility than substitutional solutes or iron. It is
natural therefore that iron carbides are the � rst to form
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when virgin martensite is tempered. In low and medium
carbon steels containing dislocated martensite, cementite
precipitates � rst in the tempering process. This cementite
grows by a paraequilibrium mechanism; paraequilibrium
is a state in which carbon achieves a uniform chemical
potential across the interface subject to the constraint that
the substitutional solute to iron atom ratio is maintained
constant everywhere.6 Thus, paraequilibrium cementite seems
to form by a displacive mechanism.7 – 1 0

The steps following the rapid precipitation of paraequili-
brium cementite are complicated because its chemical
composition changes towards equilibrium because cemen-
tite absorbs molybdenum (enriches) as it tries to achieve its
equilibrium composition. Cementite, although kinetically
favoured, is less stable than many alloy carbides; conse-
quently, while the cementite adapts its chemical composi-
tion, molybdenum carbide precipitation commences and
eventually leads to the dissolution of the cementite. These
processes must all be considered to occur simultaneously in
any model.

In the present case, alloy carbide formation involves the
diffusion of both molybdenum and carbon, the diffusivities
of which are different by many orders of magnitude at the
transformation temperature. In order to maintain equili-
brium at the transformation interface, the tie line control-
ling interface compositions has to be chosen in such a
way that the two solutes can keep pace with each other.1 1

Another way of expressing this condition is to construct
interface composition (IC) contours on isothermal sections
of the ternary phase diagram; all alloys on this contour
transform with the same compositions (same tie line) at
the interface, whilst ensuring that the slow and fast solute
diffusion � uxes are both consistent with the rate at which
the interface moves. The IC contour depends on the ratio
of the diffusion coef� cients of the substitutional solute X
and of carbon DX /DC .

Considering this scenario, the precipitation process in a
ternary alloy can be illustrated by Fig. 1. Point (a) is the
overall composition of the alloy, i.e. the composition of the
virgin martensite. Point (b) is the matrix composition after
paraequilibriumcementite precipitation; this matrix is super-
saturated with respect to molybdenum carbide, which will

precipitate with the interface compositions given by the tie
line (c) – (f). As it continues to precipitate, the less stable
cementite dissolves; this effectively moves (b) in a direction
such that the governing tie line shifts from (c) – (f) towards
(e) – (d). This tie line shifting1 1 ceases when the governing tie
line passes through the average composition (a) and equili-
brium is achieved. The cementite acts as a source of carbon.

In Fig. 1, to satisfy the mass balances of Mo and C, the
interfacial C concentration is assumed to be the same as
that of the matrix.1 1 However, it is strictly not the C con-
centration but the activity of C which should be identical
for the ferrite/Mo2C interface and in the matrix far from
the interface. If the interaction between substitutional
atoms is strong, e.g. for the case of C and Cr, the above
assumption is not strictly valid. Figure 2 shows several
isoactivity curves in the azMo2C two phase � eld. As shown
in Fig. 2, the deviation of the isoactivity curves from the
isocarbon concentration lines (the perpendicular lines) is
small and the assumption in Fig. 1 is therefore considered
to be valid.

GROWTH OF PARTICLES: CAPILLARITY
There is a variety of models dealing with the diffusion con-
trolled growth of needle shaped particles.4 ,5 ,1 2 ,1 3 Amongst
them, the most comprehensive theory is due to Trivedi,5

following work by Ivantsov,1 2 in which a needle shaped
particle is represented as a shape preserving paraboloid of
revolution. The curvature is not therefore constant across
the surface of the needle; Trivedi therefore introduced the
functions R1 and R2 to account for capillarity and interface
kinetics respectively, over the surface of the paraboloid

V~·pp exp(·pp)E1(·pp) 1z
v
vc

VR1(·pp)z
rc

rIC
VR2(·pp)

µ ¶
(1)

where V is the supersaturation, rIC is the radius of curvature
at the tip, rc is the critical tip radius at which growth ceases, v
is the lengthening rate, vc is the velocity of a � at interface
which is completely controlled by the interface processes,
p̄ is the Péclet number ( p̄~vr IC /2D) and E1( p̄) represents the
exponential integral.1 4 The values of R1( p̄) and R2( p̄) are

R1 ·pp… †~ 2·pp… †{1N1 ·pp… †{1

R2 ·pp… †~ 4·pp… †{1N2 ·pp… †{1

)
: : : : : : : : (2)

The values of functions N1(p̄) and N2(p̄) were obtained
numerically by Trivedi and they become 1.4050 and 3.8410

1 Schematic representation of alloy composition and tie
lines governing a/Mo2C interface compositions during
precipitation process: point (a) is alloy composition
and (b) is matrix composition after paraequilibrium
cementite precipitation; points (c) and (f) are both
ends of interface composition contour passing through
point (b), which are a/Mo2C interface compositions

2 Several isoactivity curves for carbon in azMo2C two
phase � eld: values in � gure designate activity a of
carbon; point (b) represents ferrite composition after
completion of paraequilibrium precipitation
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for small values of supersaturation (VÒ1), respectively.5

Equation (1) gives the general solution for the growth of
precipitate needles. The right hand side is a sum of three
terms of which the � rst is the result obtained by Ivantsov1 2

for the case of the isoconcentrate boundary. The second
and the third terms are corrections to that solution owing
to the interface kinetics and capillarity effects respectively.

Equation (1) yields the Péclet number as a function of
the supersaturation, but a further assumption is needed to
obtain a lengthening rate or tip radius. Zener suggested that
the particle should adopt a tip radius which gives the
maximum growth rate.4 This maximum growth rate can be
obtained by differentiating equation (1) with respect to rIC

and setting ç v/ ç rIC ~0. The solution of the differential was
obtained for large values of V (V" 0.2)1 5 and for small
values of V å 0.2.1 6 In the present work, diffusion controlled
growth was assumed; the kinetics term in equation (1) was
therefore neglected.

Experimental work

Experiments were conducted to provide data for model
veri� cation. As shown later, the model can predict the
average carbide length, volume fraction and number den-
sity. It is therefore necessary to obtain these data experi-
mentally to verify the model. The necessary data was
obtained using TEM.

MATERIAL
The chemical composition of the material designed for
the present work was: Fe – 0.10C – <0005Si– 1.99Mn –
1.60Mo – 0.03Al – 0.0049N (wt-%). The steel contains
0.1 wt-% carbon and a stoichiometric quantity of molyb-
denum for Mo2 C. As will be shown later, experimental data
and thermodynamic calculations show that in this steel
the carbide is virtually pure Mo2C with negligible quanti-
ties of iron or manganese in the metal sites. Therefore, its
precipitation is modelled as if it occurs in a ternary Fe – C –
Mo system.

The steel was vacuum melted as a 10 kg ingot, heated at
1250°C for 30 min in an argon atmosphere, hot rolled to
12 mm thickness plate and air cooled. From this plate, the
specimens for heat treatment were machined to 3 and 8 mm
diameter. The specimens were sealed in silica tubes under a
partial pressure of argon (~150 mm Hg), before normal-
ising. According to equilibrium calculation using MTDATA,
the steel should be fully austenitic at temperatures above
1000°C. The homogenisation temperature was therefore
chosen to be 1250°C, at which the specimens were held
for 50 h.

After the homogenisation treatment, the specimens were
quenched into water and the silica tubes were broken. Then,
specimens were sealed again and tempered at 600°C from
0.5 – 1160 h. After tempering, all specimens were again
quenched into water, breaking the silica tube.

SPECIMEN PREPARATION
Two types of specimens were examined using TEM: thin
foils and carbon extraction replicas. Thin foil observation is
crucial to de� ne the orientation relationship between the
precipitates and the matrix. Thin foils were sliced from bulk
specimens as 3 mm diameter discs to ~250 mm thickness
using a silicon carbide blade and cooling lubricant. After
slicing, the specimens were ground with silicon carbide
paper to around 50 mm thickness. Electropolishing was con-
ducted using a twin jet electropolisher.1 7 The solutions used
for electropolishingwere 5 vol.-% perchloric acid, 20 vol.-%
glycerol and 75 vol.-% methanol. The electropolishing was
performed with the solution at 15°C, the electrical potential
being set at 50 V.

Carbon replica (single stage extraction) specimens were
also prepared from each specimen. Specimens with 8 mm
diameter were hot mounted with Bakelite moulding powder,
and ground with silicon carbide paper down to 1200 grit
and then polished with 6 and 1 mm diamond pastes. They
were then chemically etched with 4 vol.-% nital for a few
seconds. A carbon coating of 20 – 30 nm (brown gold color)
was deposited in a vacuum of 105 torr (133 322 mbar) onto
the etched surface. This � lm was then scored with a sharp
blade to divide it into several smaller squares (~1 mm2).
Electrolytic etching in a solution of 5 vol.-% hydrochloric
acid in methanol at 7.5 V was used to remove the carbon
� lm, which was then washed in methanol and � oated off in
distilled water. These � lms were mounted on copper grids.

TEM OBSERVATION
Molybdenum carbide
Figure 3 shows thin foil TEM images of the specimens
tempered for a variety of times. These pictures were taken
from the [001] orientation of the ferritic matrix. Figure 4
shows TEM images of a carbon replica specimen from the
steel tempered for 560 h. From the diffraction patterns in
Fig. 4, the needle shaped precipitates have a hexagonal
close packed (hcp) structure and are considered to be M2C,
where M stands for metal atoms (Mo, Mn, Fe). The
chemical compositions of M2C particles were measured
using energy dispersive spectroscopy using carbon replica
specimens; the average ratio of metallic elements is
0.91Mo : 0.06Mn : 0.02Fe. These precipitates are therefore
virtually pure Mo2C. It is known that Mo2C grows along
the three equivalent # 001$ a directions, and, for example
in Fig. 3, precipitates growing in three # 001$ a directions
are observed. In Fig. 3, the point like precipitates are the
cross-section images of precipitates growing in the [001]
direction, which is parallel to the observation direction.

Foil thickness
A knowledge of the thickness of the foils used for TEM is
necessary to estimate the volume fraction of Mo2C. It was
calculated using thickness fringes at the grain boundaries.
The extinction distances for a two beam condition are
known; it is therefore possible to calculate the thickness of
the specimen by multiplying the extinction distance by the
number of fringes. The thicknesses of the specimens were in
this way found to be between 80 and 160 nm.

Cementite
Figure 5 shows an example of a carbon extraction replica
TEM image of the steel tempered at 600°C for 10 h. Cementite
particles precipitate on the prior austenite grain boundaries
and the martensite lath boundaries. Cementite particles are
also evident within the laths. Particles precipitating on the
boundaries are spheroidal or plate shaped and the average
thickness is 50 nm. On the other hand, the particles preci-
pitating within the laths are plate shaped and the average
thickness is 20 nm. Cementite in the laths dissolvedafter 100 h
tempering at 600°C, but it persisted on the grain boundaries.

Carbide morphology and volume fraction
The Mo2C grows at the expense of cementite. Mo2C grows
in the # 001$ a directions whilst keeping a needle shape whose
average aspect ratio is about 9 – 10. The carbide size was
measured for each specimen from at least � ve different
locations, each of which contained over 300 particles. The
volume fraction was calculated using the length and dia-
meter of each carbide particle and the foil thickness. The
average carbide length, volume fraction, number density
and number density distribution of the length of Mo2C
particles are shown elsewhere in this paper along with the
predictions made using the model (see Fig. 8).
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Modelling of needle shaped carbide
growth

CHEMICAL COMPOSITION AND EQUILIBRIUM
PHASES
Using MTDATA, the phase fractions and the composi-
tions of the equilibrium carbides for the steel at a variety of
temperatures were calculated. The calculations allowed for
the potential existence of cementite, M2C (hcp), MC (fcc),
M7C3 , M6C and M2 3C6 in addition to ferrite. According to
the results, for 600°C, M2C (hcp) is the only stable carbide
in this steel. The equilibrium composition of M2C according
to MTDATA is 0.57Mo – 0.33C – 0.09Mn – 0.01Fe in mole
fraction. It is therefore designated Mo2C in a Fe – C – Mo
ternary system.

CAPILLARITY EFFECT, MULTICOMPONENT
SYSTEMS
When precipitates are curved the need to create new inter-
facial area affects local equilibrium, an effect which cannot
be neglected when dealing with small particles or coarsening

reactions. If a and a sphere of b are in contact at a curved
interface then the conditions for local equilibrium are1 8

dT b~dTa~dT : : : : : : : : : : : : (3)

dPb~dPaz2s dH : : : : : : : : : : : (4)

dm
b
1~dma

1, dm
b
2~dma

2 : : : : : : : : : : (5)

Here T, P, H, s and m represent temperature, pressure,
curvature of b phase, surface energy, and chemical poten-
tial, respectively. If it is assumed that the pressure of the a
phase is constant, from equation (4), the pressure change of
the b phase can be represented as

DP~

…P

P(H~0)
dPb~

…H

H~0
2s dH~2s

¯
rIC : : : : (6)

where rIC is the radius of curvature at the tip. Accordingly,
if the atomic volume of b is represented as nb , the additional
Gibbs energy term of DGb is

DGb~DPnb~2snb
¯

rIC : : : : : : : : : (7)

The simplest exact method to evaluate the in� uence of
capillarity on the interface composition is to increase the

a

b

c

d

e

a 10 h; b 30 h; c 100 h; d 560 h; e 1160 h

3 Observation (TEM) of test steel tempered at 600°C for different times: zone axis is [001] of ferrite; each dark � eld
image was taken using diffraction spot indicated by arrow
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Gibbs energy of the b phase in the database used by ther-
modynamic calculation software such as MTDATA.1 9 In
MTDATA, the free energy of a phase such as ferrite is cal-
culated using a sublattice model which involves terms called
unaries. Commonly, the temperature and pressure depen-
dence of unaries are described using the G-HSER format

GT,P{HSER~azbTzcT lnTzeT 2zfT3zi=T

z

…P

0
nP,TNA dP : : : : : : : (8)

where GT ,P is the molar Gibbs energy at (T, P), nT ,P is the
atomic volume at (T, P), NA is Avogadro’s number and
HS E R is the enthalpy of the element or substance in the
reference state at 298.15 K (25.15°C). Although the data
contained in the SGTE solutions and substances database
do not include pressure dependent terms for most phases,
it is possible to modify the database to add such terms. For

example, in case of Mo2C (hcp, a~0.3 nm, c~0.472 nm),
the atomic volume nM o 2C is 1.2261022 9 m3 and interfacial
energy s can be assumed 0.2 J m22 (Ref. 20), and accord-
ingly, the additional Gibbs energy would be 2941 J mol2 1

for r IC~1 nm.The databaseof the hcpphase (sublattice)was
modi� ed to add 161026 J mol2 1 per 1 Pa pressure increase.

The effect of capillarity on the molybdenum concentra-
tion in the ferrite which is in local equilibrium with the
carbide caMo2C

Mo,r evaluated by increasing an additional Gibbs
energy term in the database of MTDATA, is shown in
Fig. 6 as a function of the radius of curvature, for 0.1C –
1.60Mo (wt-%) steel.

OVERALL TRANSFORMATION KINETICS
The carbide reaction during tempering in a Fe – C – Mo
steel, which includes the precipitation of Mo2C, and the
enrichment and dissolution of cementite, was simulated.

a b c

b is dark ®eld image of diffraction spot indicated by arrow in c

4 Observation (TEM) of extraction carbon replica specimen from steel tempered at 600°C for 560 h: precipitates are M2C

a b c

b is dark ®eld image of diffraction spot indicated by arrow in c

5 Observation (TEM) of extraction carbon replica specimen from steel tempered at 600°C for 10 h: precipitates are
cementite

Yamasaki and Bhadeshia Mo2C precipitation and cementite dissolution during tempering of Fe ± C ± Mo martensitic steel 727

Materials Science and Technology June 2003 Vol. 19



Enrichment and dissolution of cementite
Cementite is assumed initially to contain a molybdenum
to iron atom ratio as in the average chemical composition.
During tempering, molybdenum diffuses into the cementite
to enrich it towards equilibrium, and at some stage, the
cementite begins to dissolve to give way to the precipitation
of the more stable Mo2C. The volume fraction of cementite
can be calculated using the lever rule and assuming that any
residual carbon concentration in the ferrite is so small that
can be neglected. The volume fraction of cementite fh is then
given by2 1

jh~1:0065|·cc
¯

cha cha&0:25 : : : : : : : (9)

by taking account of the difference in ferrite and cementite
densities. As indicated by TEM, there was an average cemen-
tite plate thickness of ~261028 m when the particles were
within the ferrite grains and 561028 m when on the grain
boundaries.

The rate of enrichment is given approximately by2 2

ch
Mo~·ccMoz4(DMot)1=2(·ccMo{cah

Mo)=(dtp
1=2) : : : (10)

where c h
Mo represents the atomic fraction of Mo in cemen-

tite, t is the time since cementite formation, dt is the thick-
ness of the cementite plate, DM o is the diffusion coef� cient
of Mo in the matrix (it is assumed that the corresponding
diffusivity in the cementite is identical to that in ferrite), c ah

Mo
is the atomic fraction of Mo in the ferrite which is in
equilibrium with the cementite, and c̄M o is the mean atomic
fraction of Mo in the alloy.

The dissolution rate vh is determined as2 3

vh~{
DMo

d
cah

Mo{caMo2C
Mo

cha
Mo{cah

Mo

: : : : : : : : : (11)

where d̄ is the mean diffusion distance between h and Mo2C
precipitates, given by

·dd~(NhzNMo2C){1=3 : : : : : : : : : : (12)

where Nh and NM o 2C are the number densities of h and
Mo2C particles respectively.

Nucleation of Mo2C
The nucleation rate of Mo2C particles is given as

I~N
kT
h

exp
{(G¤zQ¤)

kT

µ ¶
: : : : : : : : (13)

where N is the number density of nucleation sites, Q* is
the activation energy for the transfer of atoms across the
interface (approximately equal to the activation energy
for diffusion of Mo when the nucleus is coherent), k is the
Boltzmann constant, h is the Planck constant,

2 4 and G* is
the activation energy for nucleation

G¤~
16p

3
s3

DG2
V

: : : : : : : : : : : : (14)

where DGV is the chemical free energy change per unit
volume of nuclei and has a negative value. Each critical
sized embryo can be made supercritical by transferring an
atom in contact with the embryo into it; it then becomes a
nucleus. The nucleus size is represented as

r¤~{2s=DGV : : : : : : : : : : : : (15)

DGV is calculated using MTDATA as 21.4356109 J m2 3 .
This value is for the beginning of precipitation of Mo2C and
it decreases as the precipitation proceeds. The change of the
value of DGV is calculated corresponding to the progress of
the precipitation reaction using a mean � eld approximation,
i.e. assuming that the solute is distributed uniformly in the
matrix.

Diffusion controlled growth with capillarity
Modelling of growth with local equilibrium at the interface
is based on Coates’ diffusion controlled growth theory1 1

accounting for the capillarity effect. The critical radius of
curvature rc at which growth ceases was calculated using
MTDATA, with a modi� cation to the database of the hcp
phase to include a pressure change. The growth rate is the
maximum rate obtained using Trivedi’s theory, for given
values of the carbon concentration in the matrix and the
supersaturation V of Mo. The growth rate obtained from
the values of p̄ and the ratio rIC /rc corresponding to the
maximum growth rate satis� es equation (1).

Ostwald ripening of particles
Coarsening occurs because the total energy of the system is
reduced by eliminating interfaces; in practice, large particles
grow more rapidly than small particles during precipitation,
and large particles grow at the expense of smaller ones
during classical coarsening. The average particle size there-
fore increases with time. Classical coarsening occurs slowly
because of the small energies associated with the interfaces
compared with the free energy change accompanying pre-
cipitation. Ostwald ripening can therefore be assumed to
occur after the ‘completion’ of the precipitation of Mo2C.

The combination of nucleation and growth described in
the earlier part of this paper gives rise to a distribution of
Mo2C lengths, but for a given supersaturation, they all have
the same tip radius. An approximate treatment is therefore
adopted in which coarsening at � rst involves the spheroid-
isation of the needles assuming that the interfacial energy is
isotropic. The spheroidisation is driven by the fact that
the curvature at the plate tip is greater than on the sides
of the needle. A Mo2C particle is effectively modelled for
coarsening purposes to be a cylinder with hemispherical
ends. Particle growth and dissolution is then driven by the
capillarity effect. The equilibrium concentrationcaMo2C

Mo,r at the
hemispherical tip is given by

caMo2C
Mo,r ~(1z2C=rIC)caMo2C

Mo : : : : : : : : (16)

and caMo2C
Mo,r for a cylindrical body is given by

caMo2C
Mo,r ~(1zC=rIC)caMo2C

Mo : : : : : : : : : (17)

where C is the capillarity coef� cient.
The concentrations of Mo were therefore calculated

separately for the needle tip and body according to the
respective curvatures. The growth or dissolution rates at the

6 Capillarity corrected composition of ferrite in equili-
brium with Mo2C as function of radius of curvature:
point (b) designates composition of ferrite matrix after
completion of paraequilibrium cementite precipitation
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tip and body were calculated for each particle using these
concentrations, by the following equation

v~
·ccMo{caMo2C

Mo,r

cMo2Ca
Mo {caMo2C

Mo,r

D
·dd

: : : : : : : : : : (18)

where d̄ is the mean diffusion distance between particles
which can be represented as2 3

·dd~(Nb){1=3 : : : : : : : : : : : : : (19)

where Nb is the number density of Mo2C particles. Accord-
ingly, particles grow or dissolve as shown in Fig. 7.

Inputs and calculations
The precipitation calculations were done in steps of 100 s,
and in each step, the nucleation rate, nucleus size which was
the initial size of particle growth, growth rate, the Mo and C
concentration change in the matrix corresponding to the
growth of Mo2C, and the enrichment and dissolution of
cementite were calculated. The consumption of nucleation
sites during the transformation was accounted for in each
step. Once the concentrations of Mo and C in the matrix
(c̄M o and c̄C ) were determined, the corresponding super-
saturation of Mo VM o and the critical radius rc were
obtained. If VM o and rc were obtained, the value of p̄ which
satis� es equation (1), and � nally, the maximum growth
rate and the tip radius of a Mo2C particle rIC which gave
the maximum rate for the corresponding value of p̄ were
obtained. The volume of each particle was calculated as a
paraboloid.

After the completion of the precipitation and growth
stage, each Mo2C particle was modelled to be a needle of
which both ends are hemispheres for the Ostwald ripening
stage. In this stage, c aMo2C

Mo,r at the tip and the body of
each needle shaped particle were calculated, and then the
growth (or dissolution) rates at the tip and the body were
calculated.

The parameters used in the calculations are listed in
Table 1. The nucleation site density was obtained by � t-
ting with experimental data. The Mo2C/ferrite interface
energy,2 0 and the diffusivity of molybdenum in ferrite2 5

were obtained from the literature.

Results

Figure 8 shows the comparisons of the calculations and
the experimental observations. Experimental data were
obtained from several areas in each specimen. In Fig. 8, the
solid circles represent the average of data from different
areas, and the scatter of the data is indicated by an error
bar. The technique allows the carbide dimensions to be
measured to an accuracy of ¡1 nm.

After the completion of paraequilibrium cementite preci-
pitation, the concentration of carbon in the matrix is quite
low (0.026 at.-%, according to MTDATA). Carbon atoms,
which are necessary for the precipitation of Mo2C, are
provided by the dissolution of cementite. After the com-
pletion of precipitation, Ostwald ripening proceeds with the
constant volume fraction of Mo2C. Figure 8a shows such
simultaneous Mo2C precipitation and cementite dissolution
behaviour. From the observations and calculations, the
volume fraction of Mo2C increases with time up to 100 h
and then remains constant, as shown in Fig. 8a. It is
therefore considered that nucleation and growth stage
ends at ~100 h and the Ostwald ripening stage commences
after that.

The average length of Mo2 C particles increases during
the precipitation and growth stage. During the Ostwald
ripening stage the growth rate (or dissolution rate) at the
both ends of a needle is smaller (or larger) than that at
the body of a needle because of the capillarity effect. As
an average, the length therefore decrease during Ostwald
ripening as shown in Fig. 8b.

The number density of Mo2C particles with length
greater than 5 nm was calculated, as shown in Fig. 8c,
for comparison with observations; Mo2C particles of size
less than 5 nm could not easily be observed using con-
ventional TEM. During the Ostwald ripening stage, the
number density decreases.

The calculated number density distribution of the length
of Mo2C particles is shown in Fig. 8d for the tempering time
of 30 h. Each point which is placed at the length of X nm
represents the number density of the observed particles
whose length is from (X25) nm to (Xz5) nm.

Discussion

The calculations in general agree well with the observations.
However, there are discrepancies in the number density of
Mo2C, and the number density distribution of the length of
Mo2C particles. The problem probably lies in the evaluation
of nucleation rate. The observations show that even after
100 h tempering, small particles (10 – 20 nm) exist whereas
the calculations show that nucleation ceases in the relatively
early stages of tempering. Nucleation is considered to occur
more slowly and consistently than implied by the calcula-
tions until a relatively late stage of tempering. It is not clear
how the nucleation function should be adapted without
introducing further unknown parameters such as strain
energy.

In the present model, cementite is modelled as a plate
although in practice its morphology is not uniform. To test
this assumption, another calculation in which cementite is

7 Schematic drawing of Ostwald ripening of cylinder
shaped particles

Table 1 Calculation parameters for precipitation of carbides
in ternary system (Fe– 0.1 wt-%C–1.6 wt-%Mo)

Parameter Condition

Shape of Mo2C Needle
Tempering temperature, °C 600
Interface energy of Mo2C, J m2 2 0.2
Driving force for nucleation of Mo2C, J m2 3 21.4356109

Nucleation site density of Mo2C, m23 2.4661022

Maximum volume fraction of cementite 1.79661022

Maximum volume fraction of Mo2C 1.39161022

Atomic fraction cah 8.72461023

Atomic fraction cba 4.24561022

Atomic fraction caMo2C 1.63261023

Atomic fraction cMo2Ca 6.55661021

Thickness of cementite in grains, m 2.061028

Thickness of cementite on grain boundaries, m 5.061028

Diffusion constant of Mo DMo, m2 s21 2.2961024

Activation energy for Mo diffusion QMo,
J mol21

2.396105
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modelled as spheres and the capillarity effect is taken
into account was carried out. This predicted that cementite
dissolution is completed 6 h earlier than in the present
model. It is therefore considered that although the detailed
morphology of the cementite should affect its dissolution,
the difference in time is relatively small compared with that
for the alloy carbide reaction.

The growth model used here is based on Trivedi’s theory
where the needle is represented as a paraboloid of revolu-
tion. For comparison, a calculation based on Zener’s app-
roximation, as adopted by Fujita and Bhadeshia,3 was
performed. Even by varying the nucleation site density,
it was impossible to � t the results to observations. In
particular, the model overestimates the growth rate, as
shown in Fig. 9.

For the Ostwald ripening stage, Mo2C particles was
modelled as a needle with hemispherical ends. Coarsening
theory for spheres leads to the following relationship2 6 ,2 7

r3{r3
0~

8snbDMocab
Mo

9kT

Á !
t : : : : : : : : (20)

where r is the average radius, r0 is the initial average particle
radius and t is time. During Ostwald ripening, the volume
fraction of Mo2C can be assumed to be constant. The
number density of Mo2C can be therefore represented as

NMo2C~NMo2C
0 r3

0

,
r3
0z

8snbDMocab
Mo

9kT
t

Á !
: : : (21)

where N Mo2C
0 is the initial number density of Mo2C pre-

cipitates when the Ostwald ripening stage starts.
Figure 10 shows comparisons of the transition of N Mo2C

0
during Ostwald ripening calculated as needle, as sphere and

by equation (21). The calculation as needle is identical for
the Ostwald ripening stage of Fig. 8c. The calculations as
needle and sphere get similar results, and show the similar
tendency the result of equation (21).

Summary and conclusions

The precipitation and Ostwald ripening behaviour of Mo2C
(needle shaped) particles during the tempering of a ternary

a relationship between volume fraction of Mo2C particles and tempering time; b relationship between average length of Mo2C particles
and tempering time; c relationship between number density of Mo2C particles whose size are over 5 nm and tempering time; d
number density distribution of length of Mo2C particles for 30 h tempered specimen

8 Comparisons between calculations and observations

9 Comparisons of growth rate of Mo2C particles between
Fujita and Bhadeshia model3 and present model
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Fe – C – Mo martensitic steel have been characterised and
modelled, taking account of local equilibrium, the capil-
larity effect, and simultaneous cementite enrichment and
dissolution.

In conclusion, by modelling a Mo2C particle as a
paraboloid and assuming the maximum growth rate, the
model has been shown to be capable of estimating the
average length, volume fraction, and number density of
particles in a manner consistent with experimental observa-
tions. The growth rate depends on the supersaturation of
Mo VM o and the ratio of the solute concentration in the
matrix c̄M o/c̄C .
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