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First-principles calculations of elastic constants for epsilon-carbide and the
consequences
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ABSTRACT
The elastic constants of ε-carbide at 0 K and zero pressure have been calculated using first-
principle methods. The iron to carbon ratio for the carbide is not established and may, in fact,
vary between 3 and 2. As a consequence, the calculations have been conducted as a function
of the chemical composition using the special quasi-random structuresmethod. In all cases, the
elastic constants obtained are consistent with ε-carbide being mechanically stable. The analysis
indicates that in comparisonwith cementite, ε-carbide should bemore brittle; thatwhenpresent
as a precipitate in steel, it would be less effective in participating in the overall plastic deforma-
tion, and that its coherency strain field in the surrounding matrix should be less extensive than
cementite.
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Introduction

Steels with martensite and/or lower bainite microstruc-
ture are widely used to achieve high strength and wear
resistance [1–3]. In these steels, nano-sized precipi-
tates generated during the tempering of martensite or
bainite transformation play a major role in determin-
ing mechanical properties [1,3]. During tempering of
martensite or bainite transformation, excess carbon in
the lattice may be released and iron-carbides can be
formed. Themostwidely known iron-carbide is cemen-
tite, but ε-carbide can be observed in the initial stage
of tempering or in alloys in which the addition of sili-
con suppresses the formation of cementite [4,5]. Using
transmission electronmicroscopy, it was found that the
ε-carbide precipitated with ⟨110⟩α||⟨1120⟩ε orientation
relationship in both tempered martensite and lower
bainite [6], indicating that the carbide formed directly
from supersaturated ferrite [7]. These ε-carbides have
been found to play important roles in increasing the
hardness, strength and fatigue properties [1,2].

In 1950, Jack identified experimentally the crystal
structure of the hexagonal Fe systemwhich had intersti-
tial atoms including carbon and nitrogen [8]. The crys-
tal structure of ε-carbide was studied by Nakagura and
Dirand [9,10]. In ε-carbides, the carbon to iron ratio
can vary in the range Fe2C to Fe3C. The iron atoms are
in a hexagonal close-packed array and C occupies some
of the resulting octahedral interstitices. Depending on
the distribution of the carbon atoms on the intersti-
tial sites, the space group can be a P63/mmc or P6322.

Since all of the octahedral interstitial sites are equiva-
lent, a random distribution of carbon atoms on these
sites leads to the space groupP63/mmcwith the unit cell
containing two Fe atoms and two octahedral intersti-
tial sites (Figures 1 and 2). The structure has the lattice
parameters ah = 2.754Å and ch = 4.349Å, andWyck-
off position of Fe ( 23 ,

1
3 ,

1
4 ) and C (0, 0, 0). On the other

hand, if the distribution of carbon atoms is ordered
as in Figure 1(a), then the space group is P6322, cor-
responding to lattice parameters a =

√
3ah = 4.767Å

and c = ch = 4.354Å, and Wyckoff positions of Fe ( 13 ,
0, 0), fully occupied C (23 ,

1
3 ,

1
4 ) and partially occupied

C (0, 0, 1
4 ). There are then six Fe atoms, two octahe-

dral interstices fully occupied with C atoms, and two
partially occupied.

The primary purpose of the work presented here was
to determine the elastic constants of ε-carbide. Exper-
imental data for single-crystal modulus of ε-carbide
do not exist, presumably because it is difficult or per-
haps impossible tomake samples. Therefore, usingfirst-
principles calculations, a study was conducted to obtain
single-crystal elastic constants of ε-carbide [11–13].
Some calculations indicate that c44 is negative [12,13]
implying that the phase is mechanically unstable, but
this must be an incorrect because ε-carbide is observed
to exist in a robust state. The structure assumed in
[12] incorrectly has carbon and iron atoms in the same
plane. The hexagonal Fe2C structure of [13] has a lattice
parameter a = 0.3636 nm, which does not match with
the known parameters of ε-carbide. The calculations
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Figure 1. 2 × 2 cell structure-projection on to thebasal plane. The iron atoms colouredblue are at height 12 , those Fe atoms coloured
white are at heights 0 and 1; the smaller carbon atoms that are hatched and cross-hatched are at heights 3

4 and 1
4 , respectively.

(a) Space group P6322 with one set of octahedral interstices (2d) occupied by carbon and some further carbon (not illustrated) in the
2b sites which would be 25% occupied to make the overall structure consistent with the formula F2.4C. (b) The carbon atoms (not
illustrated) are now randomly distributed in any of the three kinds of octahedral interstices, so that the overall symmetry becomes
P63/mmc.

Figure 2. 3D representation of crystal structure of ε-carbide (a) analysed as the space group of P6322 and (b) P63/mmc. The red
dashed line represents the crystallographic unit cell. The upper left subfigure shows the basal plane projection, the right and bottom
show projections in the x–z and y–z directions, respectively.

relating to the hexagonal Fe3C structure [13], with lat-
tice parameters a = 0.463 nm and c = 0.430 nm may
be representative of the elastic properties of ε-carbide
(Table 1), but further work is needed to express these as
a function of the iron to carbon ratio.

Calculationmethod

First-principles calculations

ε-carbide with a P63/mmc space group corresponds to
a random distribution of carbon atoms on the octahe-
dral interstices. It has been shown that such a distribu-
tion can be efficiently represented in atomic simulation
by the ‘special quasi-random structures’ (SQS) method
[14]. This mimics the physically most relevant radial

correlation functions of a truly random structure. This
method is applied here to include the carbon atom dis-
tributions based on 12 Fe atoms, and 4, 5, or 6 C atoms
arranged to satisfy the composition range of ε-carbide.

Figure 3 shows the conventional unit cells simulat-
ing the ε-carbide structure corresponding to the P6322
space group, covering the compositions Fe6C2, Fe12C5,
and Fe6C3.1 When C is located at the partially occu-
pied octahedral interstices, additional Fe-C bonds are
formed with six nearest Fe atoms. Therefore, the Fe
atoms are grouped into atoms without (Fe1) and with
(Fe2) nearest bonding to C located at partially occupied
positions.

First-principles calculations within the framework
of density functional theory were conducted using the

1 The structure in Figure 3(a) was used to calculate the elastic constants in Hui’s study [13]. Figure 3(b) was used to characterise the effects of Si and Mn
substitution in ε-carbides [15].
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Table 1. The calculated single-crystal moduli (GPa) of hexagonal Fe3C. The bulk modulus is labelled K.

c11 c22 c33 c44 c55 c66 c12 c13 c23 K Reference

325 325 339 121 121 91 144 134 134 202 [13]
316 316 354 111 111 67 183 154 154 218 [13]

Note: The two rows represent different calculation parameters [13].

Figure 3. Conventional unit cell of ε-carbide with (a) Fe6C2, (b) Fe12C5, and (c) Fe6C3 formula units constructed based on P6322
space group symmetry. The orange and yellow spheres represent carbons located at fully occupied and partially occupied carbon
positions, respectively, of the P6322 space group. The green and blue spheres represent Fe atoms with and without nearest bonding
from carbon atoms located at partially occupied positions.

Vienna ab-initio simulation package [16,17]. Exchange
and correlation functionals are described with the
generalised gradient approximation in the scheme of
Perdew–Burke–Ernzerhof [18]. Calculations in the first
irreducible Brillouin zone were conducted with differ-
ent k-point meshes using the Monkhorst–Pack scheme
[19]. We used an 8 × 8 × 8 mesh of special k-points
for the structures with a P63/mmc space group, and
12 × 12 × 12, 12 × 12 × 6 and 12 × 12 × 12 special k-
points for the structure shown in Figure 3(a–c). We
considered 3d7 4s1 and 2s2 2p2 as valence electrons in
order to describe the electron–ion interactions for Fe
andC, respectively. A plane-wave basis set with a cut-off
kinetic energy level of 720 eV was used. Each calcu-
lation was considered to converge when total energy
changes during the atomic relaxation and geometry
optimisation process were smaller than 10−3 eV/cell.
Spin polarisation was considered for all calculations,
and the convergence of these computational param-
eters was carefully checked. The spin-polarised site
projected densities of states were computed using the
equilibrium lattice constants and fully relaxed atomic
positions.

Elastic constants

Single-crystal elastic constants can be evaluated using
energy changes corresponding to the specified defor-
mation of the crystal. The energy E for the elastic strain
δi corresponding to the deformation matrix D of the

crystal can be expressed as

E(δ1, δ2, δ3, δ4, δ5, δ6)

= E(0) + 1
2
V

∑

i,j=1,6
cijδiδj + O(δ3)

where the δi are the elements of

D =

⎡

⎢⎢⎢⎢⎣

δ1
1
2
δ6

1
2
δ5

1
2
δ6 δ2

1
2
δ4

1
2
δ5

1
2
δ4 δ3

⎤

⎥⎥⎥⎥⎦
(1)

and cij are the elastic constants, V is the equilibrium
volume, and E(0) is the energy of the stable state [20].
The hexagonal system has five independent elastic con-
stants, so the elastic strain energy change for the strain
is given by

1
V

$E(δ1, δ2, δ3, δ4, δ5, δ6)

= 1
2
c11(δ21 + δ22) + 1

2
c33δ23 + c12δ1δ2

+ c13(δ2δ3 + δ3δ1) + 1
2
c44(δ24 + δ25)

+ 1
2
c66δ26 + O(δ3). (2)
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Figure 4. Calculated results for crystal structure stability of ε-carbides. (a) Changeof latticeparameter (black rectangles and reddots)
and aspect ratio (squares) according to carbon content of ε-carbide based on P6322 space group structure. (b) Calculated formation
energies of ε-carbide based on P63/mmc (black rectangles) and P6322 (red dots) space group structure.

Five types of deformationwere applied to obtain thefive
independent values:

f1(δ) = E(δ, δ, δ, 0, 0, 0) = V[c11δ2 + 1
2c33δ

2

+ c12δ2 + 2c13δ2 + O(δ3)]

f2(δ) = E( 12δ,
1
2δ,−δ, 0, 0, 0) = V[ 14 c11δ

2 + 1
2c33δ

2

+ 1
4c12δ

2 − c13δ2 + O(δ3)]

f3(δ) = E(0, 0, δ, 0, 0, 0) = V[ 12 c33δ
2 + O(δ3)]

f4(δ) = E(δ, 0, 0, 0, 0, 0) = V[ 12 c11δ
2 + O(δ3)]

f5(δ) = E(0, 0, δ, 2δ, 0, 0, 0) = V[ 12 c33δ
2

+ 2c44δ2 + O(δ3)]. (3)

For each deformationmode, strain energy changeswere
obtained for seven points at 1% interval in the range
of −3% to 3% strain, and the quadratic coefficients
ai of fi were derived by the quadratic function fitting.
Each elastic constant was evaluated using the following
equations:

c11 = 2a4/V

c33 = 2a3/V

c44 = 1
2 (−a3 + a5)/V

c12 = ( 23a1 + 4
3a2 − 2a3 − 2a4)/V

c13 = ( 16a1 − 2
3a2 + 1

2a3)/V .

(4)

The bulk modulus (B), shear modulus (G), Young’s
modulus (E) and Poisson’s ratio (ν) were calculated
using Voigt’s averaging method [21].

Results and discussion

Crystal structure stability

The calculated optimised lattice parameters at 0 K and
zero pressure, for each structure in Figure 3 are shown
in Figure 4(a). Nakagura’s measured values for ambient
temperature are a = 4.767Å and c = 4.354Å, which
are reasonable for values between Fe12C5 and Fe6C3.
The difference between the previous results calculated

from Jang and Fang for the Fe12C5 structure is about
0.5%, which is within the calculation error [15,22]. As
the content of C in the ε-carbide increases, the lat-
tice parameter in the c-direction changes only a rela-
tively small amount, whereas the lattice parameter in
the a-direction increases. Therefore, the aspect ratio
decreases and the volume increases. For the same crys-
tal structure, the larger the volume is, the smaller the
elastic constant will be. The effect of the volume on the
modulus of elasticity will be discussed later.

The crystal stability of each structure was compared
by evaluating the formation energy, as follows:

$H(FexCy) = 1
x + y

[E(FexCy) − xE(Fe) − yE(C)],

(5)
where E(FexCy) is the total energy of FexCy, and E(Fe)
and E(C) are the total energies, respectively, of the Fe
and C in the reference states. For iron, the reference
state is ferromagnetic bcc Fe. In the case of carbon in
solution in the bcc iron, the reference state is evalu-
ated by the difference between pure Fe and fully relaxed
body-centred tetragonal 16Fe-C system.

The calculated formation energies of each structure
are summarised in Figure 4(b). In the C ordered struc-
ture (Figure 3), due to the negative formation energies
(−9.1 to −11.5 kJmol−1), all three structures can be
generated in ferrite; structures with higher C content
are more stable when the carbide is in isolation.

The C disordered structure (Figure 1(b)) has a for-
mation energy near 0 kJmol−1, which is much more
unstable than that of the C ordered structure. For the
Fe12C5 structure, the energy differences between the
disordered and ordered structure were studied in pre-
vious work [2,22], in which the ordered structure was
found to be much more stable than the disordered
structure, and the energy difference between the two
was 11.7 kJmol−1, similar to the value (11.5 kJmol−1)
in the previous study [2]. In the HCP structure of Fe,
when C is located at an octahedral interstitial sites,
stress is generated in the direction in which the Fe
atoms move away from C atom. In the ideal HCP
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Figure 5. Calculated spin-resolved total- and site-projected partial density of state (DOS) of (a) Fe6C2, (b) Fe12C5, and (c) Fe6C3
crystal structures. The black line represents total density. The blue, green, and red lines represent the densities of the s, p, and d
orbitals, respectively. The Fermi levels are set to zero.

structure with Fe–Fe bonding length, aFe, the distance
between octahedral interstices and first nearest octahe-
dral interstices is

√
2/3 × aFe. In the case of the ordered

Fe6C2 structure shown in Figure 3(a), the distance
between C and the nearest C is

√
5/3 × aFe and the dis-

tance from the partially occupied C is aFe, so C is not
located in the first nearest octahedral interstices. On the
other hand, in the structure that implements the C dis-
ordered structure (Figure 1(b)), C is located at the first
nearest octahedral interstices, and Fe is not fully relaxed
due to the presence of nearby C, so that induces unsta-
ble structure. As the C content increases, the number
of C atoms to be placed in the first nearest octahedral
interstices increases, resulting in a more unstable struc-
ture. The most stable structure depending on the C
content, the structure shown in Figure 3, benefits from
an even distribution.

Electronic structure

The electronic structure was analysed based on the
total density of state (DOS) and partial density of states
(PDOS). Site and spin-projected DOS are shown in
Figure 5 for Fe6C2, Fe12C5, and Fe6C3 ε-carbides based
on the P6322 space group structure. In all three struc-
tures, total DOS consists of four regions: (1) The lowest
valence band between −14 and −11.5 eV, (2) the −7.5
to −4.5 eV range, (3) the −4.5 eV to Fermi level range,
and (4) the unoccupied conduction band. The lowest
region is symmetric, mostly composed of 2 s states of
C. Region (2) is composed of hybridisation of C 2p and
Fe 3d states. Region (3) ismostly produced by Fe 3d and
shows metallic properties with no energy gap near the
Fermi level. In this region, there is an asymmetric dis-
tribution in major and minor spins, contributing to the
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Figure 6. Elastic strain energy variation as a function of different deformation strains (f1, f2, f3, f4, and f5) for (a) Fe6C2, (b) Fe12C5,
and (c) Fe6C3 crystal structures. Each energy function was fitted as a second-order polynomial.

ferromagnetic properties of ε-carbides. The higher the
carbon content, the higher the density of region (2) and
the lower the energy density of region (3). This is indi-
cated by covalent bonding between Fe and C, which is
newly created by the addedC. AsC is added, the density
of the major spin does not change much near the Fermi
level, whereas the peak of the unoccupied conduction
band of the minor spin moves toward the Fermi level,
lowering the overall magnetic moment. This is mainly
attributed to the change in the density of Fe2 atoms,
which induces bonding with added C. The Fe1 type
atoms with the two nearest bonds with C have about of
2.0µB, whereas the Fe2 type atoms with three nearest
bonds with C has about 1.7µB. Therefore, as the carbon
content increases, the magnetic moment of the unit cell
decreases.

Elastic constants

The elastic strain energy values corresponding to the
five different deformationmodes (f1, f2, f3, f4, and f5) are
summarised in Figure 6 as a function of strain (δ). The
energy corresponding to the lattice parameter at equi-
librium state is shown as a reference, and each set of
data can be well described by quadratic function fitting.
As the content of C increases, the newly formed Fe–C

Table 2. Elastic constants (cij/GPa) and bulk modulus (B/GPa),
shear modulus (G/GPa), Young’s modulus (E/GPa) and Poisson’s
ratio (ν) of ε-carbide.

Fe6C2 Fe12C5 Fe6C3

c11 324.3 (325a, 322b) 356.3 (337c) 378.7
c33 332.6 (339a, 332b) 375.9 (348c) 379.2
c44 131.1 (121a, 129b) 137.5 (121c) 147.2
c12 154.9 (144a, 138b) 137.6 (157c) 144.8
c13 156.9 (134a, 140b) 189.2 (173c) 208.4
B 213.2 (202a, 201b) 235.6 (226c) 251.1
G 103.6 115.1 (99c) 120.6
E 267.4 296.9 (260c) 311.9
ν 0.29 0.29 (0.3c) 0.29
c11 − c12 169.4 218.7 233.9
G/B 0.486 0.489 0.480
c12 − c44 23.8 0.1 −2.4

Note: a [13], b [23], c[11].

covalent bonding contributes to the strain energy, mak-
ing it steeper in the strain vs. energy graph, and thus the
elastic constants can be expected to increase.

Table 2 summarises the calculated elastic constants.
Similar to the previous study, the values for the Fe6C2

structure are consistent, within 5% error, except for c13.
In the case of the Fe12C5 structure, the values were cal-
culated and found to be as large as 5–15% compared to
the previous results, except for c13 [11]. This difference
is considered to be due to a constraint that maintains

Figure 7. Comparison of calculated elastic constants of ε-carbides. (a) Elastic constants of Fe6C2 structure derived from different
lattice parameters (lattice parameters of Fe6C2, Fe12C5, and Fe6C3 at equilibrium). (b) Elastic constants of Fe6C2, Fe12C5, and Fe6C3
structures.
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atomic position symmetry in elastic deformation situ-
ations. The results for the three structures satisfy the
conditions for the mechanical stability of the struc-
ture, i.e. For a hexagonal crystal, mechanical stability
requires that [24–26]:

c11 > 0, c11 > |c12|, c44 > 0

(c11 + c12)c33 > 2c213.

Overall, Fe12C5 and Fe6C3 structures have larger elas-
tic constants than that of the Fe6C2 structure. In the
case of G/B, associated with ductility of a crystal, there
is almost no change with the addition of C, whereas
c12 − c44 drastically drop from Fe6C2 to Fe6C3, and the
structures are expected to be brittle [27].

The calculated elastic constants for different lattice
parameters based on the Fe6C2 structure are shown
in Figure 7(a). Elastic constants corresponding to the
lattice parameter of Fe12C5, and Fe6C3 show a ten-
dency to decrease as the volume increases. However,
as C is added, the elastic constants increase, as shown
in Figure 7(b), indicating that the contribution of Fe–C
bondingmade by the addition of C ismuch greater than
the contribution of the volume expansion.

Summary

The full set of elastic constants has been calculated for
each of the compositional varieties of ε-carbide, i.e.
Fe6C2, Fe12C5, and Fe6C3. The values obtained indi-
cate that all of these are mechanically stable at zero
Kelvin and zero pressure. Unlike cementite [28], the
Voigt averaged Young’s modulus of ε-carbide exceeds
that of iron. In a mixture of ferrite and carbide, a
greater carbide-modulus would make it more difficult
for the carbide to participate in plastic deformation
[29], whereas the obvious plasticity of cementite in steel
is the basis of strong pearlitic-steel ropes.

The ductility of relatively brittle materials is often
modelled in terms of the ratio of the shear to bulk
modulus (G/B) on the grounds that the resistance to
plastic deformation is related toG, whereas the fracture
strength is proportional to B [30–32]. A low value of
G/B is then an indication ofmalleability, whereas a high
value corresponds to brittleness. For all compositional
varieties of ε-carbide ratio of the shear modulus to bulk
modulus (G/B) is found to be much greater at 0.48 than
is the case for cementite at 0.33. In the case of α-iron
and nickel, the ratios are 0.331 and 0.343, respectively
[31,32]. Therefore, ε-carbide is expected to be brittle,
more so than cementite which has demonstrated capa-
bilities of plastic deformation either in its pure state [33]
or when incorporated in steel [34]. There is no direct
experimental evidence on the brittleness of ε-carbide,
presumably because of the difficulties in synthesising
large enough samples. The only evidence is anecdotal,
that ε-carbide causes a deterioration in the toughness of

steel when the maximum carbide-size becomes about
200 nm [35].

Finally, it is noteworthy that Poisson’s ratio of ε-
carbide (0.35) is greater than that of cementite (0.30
[36]), the effect of which would be to partition more
of the strain energy associated with the precipitation
into the carbide with a smaller portion residing in
the surrounding matrix [37, p.469–470]. Therefore, the
coherency strainfields associatedwith ε-carbide should
have a smaller extent than is the case for cementite.
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